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Abstract
We present a new method allowing us to derive the long-time and large-distance asymp-
totic behavior of the correlations functions of quantum integrable models from their exact
representations. Starting from the form factor expansion of the correlation functions in
finite volume, we explain how to reduce the complexity of the computation in the so-called
interacting integrable models to the one appearing in free fermion equivalent models. We
apply our method to the time-dependent zero-temperature current-current correlation func-
tion in the non-linear Schrödinger model and compute the first few terms in its asymptotic
expansion. Our result goes beyond the conformal field theory based predictions: in the time-
dependent case, other types of excitations than the ones on the Fermi surface contribute to
the leading orders of the asymptotics.
1 Introduction
The successful resolution of many-body quantum integrable models through Bethe Ansatz [4,
78, 83, 68] naturally raised the question of the computation of their correlation functions. In
its full generality, this problem appeared first as extremely complex due to the complicated
combinatorial representation of the eigenfunctions. However, for the particular values of the
coupling constants for which the models are equivalent to free fermionic ones, the use of specific
methods (such as the Jordan-Wigner transformation) led to numerous explicit results [66, 64,
65, 75, 70, 3, 76, 88, 74, 85, 40, 73, 72, 57, 33, 32, 34, 17, 35, 18, 19]. In this context, different
types of effective representations have been obtained for the correlation functions, notably in
terms of determinants. It has been possible in particular to express two-point functions in
terms of Fredholm determinants of compact operators I + V , where the integral kernel V
belongs to the class of integrable integral operators [64, 65, 57, 17, 16]. These determinants
representations have been used to compute the asymptotic behavior of the correlations functions
at large distances [40, 71, 33, 32, 34, 35, 18].
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It was the understanding of the underlying algebraic structures in truly interacting integrable
models which finally opened the way to the computation of their correlation functions. In
particular, the algebraic version of the Bethe Ansatz (ABA) [24] enabled Izergin, Korepin and
their collaborators in Leningrad to obtain the first exact representations for the correlation
functions of the XXZ and the non-linear Schrödinger models away from their free fermion
points (see [56] and references therein). These representations, based on finite-size determinant
representations for the norms of Bethe eigenstates [25, 26, 55] and for more general scalar
products [82, 56], were however not completely explicit due to the introduction of dual fields
to handle the combinatorial difficulties of the ABA approach. The first explicit representations
(multiple integral representations for elementary building blocks of the XXZ chain at zero
temperature) were obtained in the 90’ by Jimbo, Miki, Miwa and Nakayashiki through q-
vertex operators and solutions of the q-KZ equation [37, 39, 38]. A few years later, these
representations, together with their generalization to the case of an external magnetic field, were
reproduced by the Lyon group in the ABA framework thanks to the resolution of the so-called
quantum inverse scattering problem [53, 54]. The Lyon group was also able to provide finite-size
determinant representations for the form factors of the finite XXZ chain [53]. Developments of
the latter approach led to integral representations for the two-point function [50, 52], to their
generalizations in the temperature case [27, 28], in the time-dependent case [51], and in all these
cases taken together [80]. On the other hand, new interesting algebraic representations for the
correlation functions were also obtained recently using reduced q-KZ equations [9, 10, 11], which
led to the discovery of a hidden Grassmann structure in the XXZ model [12, 8, 13, 41, 6, 7].
In this framework, one of the most challenging problem is the derivation, from these ex-
act representations, of the long-distance asymptotic behavior of the correlation functions. In
general, zero-temperature correlation functions of models with a gapless spectrum are expected
to decay algebraically at large distances. The exponents governing this power-law behavior,
called critical exponents, are believed to be universal, i.e. not depending on the microscopic
details of the model, but only on its overall symmetries. Predictions concerning these exponents
were obtained via the Luttinger liquid approach [69, 29, 30, 31] or the connection to Conformal
Field Theory [79, 14, 1, 15, 5], together with exact computations of finite size corrections to the
spectrum [20, 86, 21, 87, 22]. However, until very recently, it was not possible to confirm these
(indirect) predictions via some direct computations based on exact results for an integrable
model out of its free fermion point.
To tackle this problem, one may notice that, in the ABA approach, the correlation func-
tions can be written in terms of series of multiple integrals that can be though of as some
multidimensional generalizations of the Fredholm determinants which appear in the study of
the free fermionic models. One may therefore attempt to extend and adapt the large arsenal of
techniques available for free fermionic correlators to models away from their free fermion points.
The main obstacle here comes from the highly coupled nature of the various series of multiple
integrals representations for the correlation functions. Actually, until two years ago, there were
only few cases out of the free fermion point where the analysis could have been performed to
some extend [48, 49, 61]. A major breakthrough was achieved in [45], which proposed a system-
atic method to perform the asymptotic analysis of the long-distance asymptotic behavior of the
correlation functions of densities in integrable models described by a six-vertex type R-matrix
and solvable by the ABA. There, the idea was to extract the asymptotic behavior of the series of
multiple integrals representing the correlator by making some connections with the asymptotes
of Fredholm determinants. Although fully functional, the method involved several subtle steps,
and in particular a quite complex summation process. The final result itself, nevertheless, hap-
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pened to be quite simply given in terms of a properly normalized form factor [45, 46]. This fact
naturally suggests that the method proposed in [45] might be simplified if one works directly
at the level of the form factor expansion of the correlation functions.
It is the aim of the present article to expound such a simpler and more direct approach,
based on the form factor expansion of the correlation functions in the ABA framework, on the
finite-size determinant representation for the form factors in finite volume and on some of their
main features in the thermodynamic limit. The main advantage compared to [45] is that it
relies on the study of more natural physical objects: whereas in [45] the correlation function
was written as a series over some elementary objects expressed in terms of bare quantities (such
as energy, momentum), the so-called cycle integrals, here we chose to pursue our study of form
factors a step further, and to use some of their thermodynamic properties (and in particular their
representation in terms of dressed physical quantities) from the very beginning. This results into
a major simplification of the summation process. Indeed, in [45], the asymptotic summation
of the series of cycle integrals was quite subtle. In particular, it involved a summation of a
whole class of corrections, sub-leading to each term of the series, but nevertheless contributing
to the leading term in the final result: they happened to be responsible, once upon summation,
for the dressing of bare physical quantities. Since in our present approach the series over form
factors is already written in terms of the dressed quantities, the summation is much simpler:
the series can be connected to a Fredholm determinant and the leading asymptotic behavior
of the correlation function is directly given by the leading asymptotic behavior of this Fredholm
determinant. No subtle identification of sub-leading terms is needed for the result.
Let us be slightly more precise about the different steps of our method. Its starting point is
the form factor expansion of the correlation function in finite volume. Using the determinant
representation of the form factors in finite volume [81, 53], one can analyze their thermodynamic
limit in the particle/hole picture [82, 46, 43], and decompose their finite-size expression into
some (universal) “singular” or “discrete” part, which is essentially free-fermion-like and contains
the whole non-trivial scaling behavior of the form factor in the thermodynamic limit, and some
(model-dependent) “regular” part, which admits a smooth thermodynamic limit [43]. The idea
is to reduce the summation over form factors to a summation over their finite-size discrete parts,
the (thermodynamic limit of the) regular parts being treated as some dressing functionals. The
main problem is that, for interacting models, the series we consider is highly coupled. The
origin of this coupling is twofold: on the one hand, the regular part is a complicated function
of the particle/hole Bethe roots; on the other hand, the discrete part can be seen as a certain
functional of the shift function between the considered excited state and the ground state, and
hence introduces non-trivial couplings between the particle and hole-type Bethe roots. It is
possible to slightly simplify the structure of the different terms by neglecting, on the level of
the finite-size series, some contributions that should vanish in the thermodynamic limit. We
thus obtain an effective (finite-size) form factor series with a simpler particle/hole dependence
than in the original series. This series can be linked to a decoupled one, reduced to the sum of
the discrete parts of the form factors with a shift function that does not depend on the excited
state, exactly as in a (generalized) free fermionic model. The sum can then be computed and
recast in terms of a determinant which tends to a Fredholm determinant in the thermodynamic
limit. The leading asymptotic behavior of the correlation function then follows directly from
the leading asymptotic behavior of the Fredholm determinant [60].
We stress that, within this method, the computation of the asymptotic expansion of the
correlation functions for "truly interacting" models and for their free fermionic limits carry
almost the same complexity, in as much as we offer a way of understanding the interacting case
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as a smooth deformation of the free fermionic one. This joins in some sense the spirit of the
works [12, 8, 13, 41, 6, 7] on the hidden Grassmann structure in the XXZ model with the main
difference that, in our method, the free fermionic structure is only used as an intermediate step
so as to carry out certain algebraic manipulations in a simpler way and deform the range of
summations to a kind of analog of the steepest descent contour.
We choose to expose our method in the framework of the quantum non-linear Schrödinger
model, which is probably the best understood and simplest integrable interacting model. Note
however that, with minor modifications specific to the structure of the model under investiga-
tion (more complex structure of the configuration of the pertinent Bethe roots above the ground
state, the appearance of trigonometric functions . . . ), this method is in principle applicable to
a very wide class of integrable models whose form factors are known and admit a finite-size
determinant representation such as those obtained in [81, 53, 77]. We apply our method to the
derivation of the first few terms in the long-distance and large-time asymptotic expansion of
the correlation function of currents at zero temperature (see Section 3). The case of the re-
duced density matrix, together with some more precise mathematical details about the method,
will be considered in a further publication [59]. We will see that the asymptotes in the time-
dependent case are not only issuing from excitations in the vicinities of the Fermi boundaries
(which correspond to the region of the spectrum taken into account by the CFT/Luttinger
liquid approach), but also from the excitations around the saddle-point λ0 of the “plane-wave”
combination xp(λ)− tε(λ), where p and ε are respectively the dressed momentum and energy of
the excitations. More precisely, the exponents governing the power-law decay of the correlation
function are given in terms of the different shift functions between the ground state and excited
states having one particle and one hole either on the Fermi boundaries ±q or at the saddle-
point λ0. The associated amplitudes are given by the corresponding, properly normalized, form
factors of currents.
The paper is organized as follows. In Section 2, we introduce the non-linear Schrödinger
(NLS) model and the different notations, relative to the description of the space of states and
the thermodynamic limit of the model, that will be used throughout the article. This enables
us, in Section 3, to present our main result: the leading large-distance and long-time asymptotic
behavior of the (zero-temperature) correlation function of currents. The remaining part of the
article is devoted to the derivation of this result. We establish in Section 4 a (finite-size) form
factor series representation for the correlation function (or more precisely for its generating
function). In Section 5, we explain how to relate our highly coupled series to a decoupled, free-
fermion type series that can be summed up into a finite-size determinant. Finally, in Section 6,
we take the thermodynamic limit of the previous result, hence representing the form factor
series in terms of a Fredholm determinant, and explain how to derive the first leading terms
of the long-time/large-distance asymptotic behavior of our series from those of the Fredholm
determinant. Technical details are gathered in a set of Appendices: explicit representations for
form factors are given in Appendix A; the summation of the free-fermion type series is performed
in Appendix B; the notion of functional translation operator, which is used as a technical tool
to link our series to a decoupled one, is introduced in Appendix C; in Appendix D, we show
how to relate the summed-up form factor series to the type of series that was obtained in [45] by
expanding the master equation; finally, in Appendix E, we explain how to control sub-leading
corrections in the asymptotic series using the so-called Natte series introduced in [60].
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2 The NLS model: notations and definitions
The quantum non-linear Schrödinger model is described in terms of quantum Bose fields Ψ(x, t)
and Ψ†(x, t) obeying to canonical equal-time commutation relations, with Hamiltonian
H =
L∫
0
{
∂xΨ
† ∂xΨ+ cΨ
†Ψ†ΨΨ− hΨ†Ψ
}
dx. (2.1)
The model is defined on a finite interval of length L (we take the thermodynamic limit L→∞
later on) and is subject to periodic boundary conditions. In (2.1), c denotes the coupling
constant and h the chemical potential. In this article, we focus on the repulsive regime c > 0
in presence of a positive chemical potential h > 0.
Due to the conservation of the number of particles, this quantum field theory model is
equivalent to a (quantum mechanical) one-dimensional many-body gas of bosons subject to
point-like interactions. Such a model was first introduced and solved by Lieb and Liniger in
1963 [68, 67], where it was used as a test for Bogoliubov’s theory. It was then thoroughly
investigated. In particular, in 1982, Izergin and Korepin [36] (see also [56]) proposed a lattice
regularization of the model allowing to implement the ABA scheme [24] in finite volume.
In this article, we consider the zero-temperature time-dependent correlation function of cur-
rents, i.e. the ground state expectation value 〈 j(x, t) j(0, 0) 〉, where j(x, t) = Ψ†(x, t)Ψ(x, t).
Our aim is to evaluate, in the thermodynamic limit L→∞ of the model, its large-distance and
long-time asymptotic behavior. Prior to writing down our result, we introduce some necessary
notations. Namely, we describe the space of states of the model and provide definitions of
several thermodynamic quantities which appear in our result.
In the algebraic Bethe ansatz framework, the eigenstates |ψ({λ}) 〉 of the Hamiltonian (2.1)
are parametrized by a set of spectral parameters λ1, . . . , λN solution to the system of Bethe
equations. In their logarithmic form, these Bethe equations read
Lp0(λj) +
N∑
k=1
θ(λj − λk) = 2πnj, j = 1, . . . , N, (2.2)
in terms of a set of integer (for N odd) or half-integer (for N even) numbers n1, . . . , nN . The
bare momentum p0(λ) and the bare phase θ(λ) appearing above are given by
p0(λ) = λ, θ(λ) = i log
( ic+ λ
ic− λ
)
. (2.3)
The energy of the state |ψ({λ}) 〉 is
E({λ}) =
N∑
j=1
ε0(λj), with ε0(λ) = λ
2 − h. (2.4)
The solutions to the system of Bethe equations have been studied by Yang and Yang [89].
In particular, it has been proven that all solutions are sets of real numbers and that a set of
solutions {λj} can be uniquely parametrized by a set of (half-)integers {nj}.
In the following, λj , j = 1, . . . , N , will denote the Bethe roots describing the ground state of
the Hamiltonian (2.1). They correspond to the solution to (2.2) associated with the following
choice of (half)-integers: nj = j − (N + 1)/2, where the number of particles N is fixed by the
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value of the chemical potential h. In the thermodynamic limit (L → ∞, N → ∞ with N/L
tending to some finite average density D), the parameters λj densely fill a symmetric interval
[−q, q] of the real axis (the Fermi zone) with some density distribution ρ(λ) solving the following
linear integral equation
ρ(λ)− 1
2π
q∫
−q
K(λ− µ) ρ(µ) dµ = p
′
0(λ)
2π
, (2.5)
where K denotes the Lieb kernel
K(λ) = θ′(λ) =
2c
λ2 + c2
. (2.6)
Excited states of (2.1) correspond to other solutions of the Bethe equations. For technical
purpose, it is actually convenient to consider the twisted Bethe states |ψκ({µ}) 〉 instead. These
are parameterized by solutions µℓ1 , . . . , µℓNκ of the twisted Bethe equations,
Lp0(µℓj ) +
Nκ∑
k=1
θ(µℓj − µℓk) = 2π
(
ℓj − Nκ + 1
2
)
+ iβ, j = 1, . . . , Nκ. (2.7)
Here β is some purely imaginary parameter, κ = eβ, and ℓ1 < ℓ2 < · · · < ℓNκ are some integers.
Note that, the set of roots of (2.7) being completely defined by the set of integers ℓj, we have
chosen to label them accordingly. Eigenstates of the Hamiltonian (2.1) are obtained as limits
when κ→ 1 of the twisted Bethe states |ψκ({µ}) 〉.
For purely imaginary β, the roots of (2.7) are real. The state parameterized by the solutions
of (2.7) with ℓj = j, j = 1, . . . , Nκ, is called the κ-twisted ground state in the Nκ-sector. In
the thermodynamic limit, excitations above this κ-twisted ground state correspond to solutions
such that most of the ℓj’s coincide with their value for the ground state: ℓj = j except for
n integers (with n remaining finite in the Nκ → ∞ limit) h1, . . . , hn ∈ {1, . . . , Nκ} for which
ℓhk = pk /∈ {1, . . . , Nκ}. The integers hk represent "holes" with respect to the distributions of
integers for the ground state in the Nκ-sector, whereas the integers pk represent "particles".
For such an excited state |ψκ({µℓj}) 〉, the counting function
ξ̂κ(ω) ≡ ξ̂κ(ω | {µℓj}) =
1
2π
p0(ω) +
1
2πL
Nκ∑
k=1
θ(ω − µℓk) +
Nκ + 1
2L
− iβ
2πL
, (2.8)
which is monotonously increasing, defines unambiguously a set of real "background" parameters
µj, j ∈ Z, as the unique solutions to ξ̂κ(µj) = j/L. Among this set of parameters, the Nκ
solutions of the twisted Bethe equations with integers ℓj correspond to the solutions ξ̂κ(µℓj) =
ℓj/L, j = 1, . . . , Nκ, and the particle rapidities µpa (respectively the hole rapidities µha), a =
1, . . . , n, correspond to the solutions ξ̂κ(µpa) = pa/L (respectively ξ̂κ(µha) = ha/L).
Due to the particular type of correlation function we consider in this article (current-current
correlation function), we will restrict our study to states having the same number of parameters
as the ground state, i.e. Nκ = N . To describe the position of the roots of an excited state
|ψκ({µℓj}) 〉 with respect to the ground state roots {λj}, it is convenient to define the (finite-
size) shift function
F̂ (ω) ≡ F̂ (ω|{µℓj}) = L
[
ξ̂(ω)− ξ̂κ(ω)
]
=
1
2π
N∑
k=1
[
θ(ω − λk)− θ(ω − µℓk)
]
+
iβ
2π
, (2.9)
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in which ξ̂κ is the excited state’s counting function (2.8) whereas ξ̂ denotes the ground state
counting function (at κ = 1). The spacing between the root λj for the ground state and the
background parameters µj defined
3 by ξ̂κ(µj) = j/L is then given by
µj − λj = F (λj)
Lρ(λj)
+O
(
L−2
)
, j = 1, . . . , N, (2.10)
in which F (λ) is the thermodynamic limit of the shift function, solution of the integral equation
F (λ)− 1
2π
q∫
−q
K(λ− µ)F (µ) dµ = iβ
2π
− 1
2π
n∑
k=1
[
θ(λ− µpk)− θ(λ− µhk)
]
. (2.11)
Introducing the dressed phase φ(λ, µ) and the dressed charge Z(λ) as the respective solutions
of the linear integral equations
φ(λ, µ) − 1
2π
q∫
−q
K(λ− ω)φ(ω, µ) dω = θ(λ− µ)
2π
, (2.12)
Z(λ)− 1
2π
q∫
−q
K(λ− µ)Z(µ) dµ = 1, (2.13)
we get
F (λ) =
iβ
2π
Z(λ)−
n∑
a=1
[
φ(λ, µpa)− φ(λ, µha)
]
. (2.14)
Other important thermodynamic quantities that we need to introduce in order to formulate
our result are the dressed energy ε(λ) and the dressed momentum p(λ), defined as
ε(λ) − 1
2π
q∫
−q
K(λ− µ) ε(µ) dµ = ε0(λ), with ε(±q) = 0, (2.15)
p(λ) = p0(λ) +
q∫
−q
θ(λ− µ) ρ(µ) dµ = 2π
λ∫
0
ρ(µ) dµ. (2.16)
Note that expression (2.16) enables us to express, in the large L limit, the counting function
(2.8) of any excited state with a finite number of particles and holes above the N -particle ground
state in the following form:
ξ̂κ(ω | {µℓj}) = ξ(ω) + O(L−1), with ξ(ω) =
1
2π
p(ω) +
D
2
, (2.17)
D being the average density in the thermodynamic limit (N/L→ D). In particular this means
that, in the thermodynamic limit and up to O(1/L) corrections, the counting function does not
depend on the particular localization of the corresponding Bethe roots {µℓj}: it is the same for
all particle/hole-type excited states.
3Since the counting function depends on the particular excited state we consider, so does the set of background
parameters: these are therefore defined for each excited state {µℓj } separately.
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3 The main result: large-distance/long-time asymptotic behav-
ior of the correlation function of currents
We are now in position to formulate our main result, namely the leading asymptotic behavior of
the zero-temperature correlation function of currents 〈 j(x, t) j(0, 0) 〉 in the large-distance and
long-time regime, with x/t = const.
Let u(λ) = p(λ) − txε(λ), where p is the dressed momentum (2.16) and ε the dressed
energy (2.15), the ratio t/x being fixed (and non-zero). We assume that this function has a
unique saddle-point4 λ0 on R (i.e. u
′ admits a unique zero λ0 on R, which moreover satisfies
u′′(λ0) < 0). One distinguishes two different regimes
5 according to whether λ0 ∈]− q, q[ (time-
like regime) or λ0 /∈ [−q, q] (space-like regime). Then, at large-distance and long-time (x→ +∞,
t→ +∞, x/t = const) and in the space-like regime,
〈 j(x, t) j(0, 0) 〉 =
(pF
π
)2
− Z
2
2π2
x2 + t2v2F[
x2 − t2v2F
]2 (1 + o(1))
+
2 cos(2xpF ) ·
∣∣Fq−q∣∣2
[−i(x− vF t)]Z2 [i(x+ vF t)]Z2
(1 + o(1))
+
√
2π e−i
π
4 p′(λ0)√
tε′′(λ0)− xp′′(λ0)
eix[p(λ0)−pF ]−itε(λ0) ·
∣∣Fλ0q ∣∣2
[−i(x− vF t)][F
λ0
q (q)−1]2 [i(x + vF t)][F
λ0
q (−q)]2
(1 + o(1))
+
√
2π e−i
π
4 p′(λ0)√
tε′′(λ0)− xp′′(λ0)
eix[p(λ0)+pF ]−itε(λ0) ·
∣∣Fλ0−q∣∣2
[−i(x− vF t)][F
λ0
−q (q)]
2
[i(x+ vF t)]
[F
λ0
−q (−q)+1]
2
(1 + o(1)), (3.1)
whereas in the time-like regime,
〈 j(x, t) j(0, 0) 〉 =
(pF
π
)2
− Z
2
2π2
x2 + t2v2F[
x2 − t2v2F
]2 (1 + o(1))
+
2 cos(2xpF ) ·
∣∣Fq−q∣∣2
[−i(x− vF t)]Z2 [i(x+ vF t)]Z2
(1 + o(1))
+
√
2π ei
π
4 p′(λ0)√
tε′′(λ0)− xp′′(λ0)
e−ix[p(λ0)−pF ]+itε(λ0) · ∣∣Fqλ0∣∣2
[−i(x− vF t)][F
q
λ0
(q)+1]2
[i(x+ vF t)]
[F qλ0
(−q)]2
(1 + o(1))
+
√
2π ei
π
4 p′(λ0)√
tε′′(λ0)− xp′′(λ0)
e−ix[p(λ0)+pF ]+itε(λ0) ·
∣∣F−qλ0 ∣∣2
[−i(x− vF t)][F
−q
λ0
(q)]2
[i(x+ vF t)]
[F−qλ0
(−q)−1]2
(1 + o(1)). (3.2)
In these expressions, pF = ±p(±q) = πD is the Fermi momentum, vF = ε′(q)/p′(q) is the
Fermi velocity, whereas Z = Z(±q) is the value of the dressed charge on the Fermi surface.
The exponents of the last two terms in (3.1)-(3.2) are given in terms of the values at the Fermi
boundaries ±q of some specific shift functions (2.14)Fµpµh (at β = 0) between the ground state
and an excited state with one particle at µp and one hole at µh: the shift functions
F λ0±q(λ) = −[φ(λ, λ0)− φ(λ,±q)] (3.3)
4It is clear that the bare counterpart u0 = p0(λ)− txε0(λ) of this function fulfills this property: u′0 admits a
unique zero λ0 on R, and moreover u
′′
0 (λ0) < 0. Considering the form of the integral equations (2.15) and (2.16),
one easily sees that u′ admits at least one zero. The case of several saddle-points can in principle be treated
similarly, and will give rise to several contributions.
5We do not consider here the case λ0 = ±q. Indeed, this specific case would demand some further analysis.
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between the ground state and an excited state with one particle at λ0 and one hole at ±q in
(3.1) (space-like regime), and the shift functions
F±qλ0 (λ) = −[φ(λ,±q)− φ(λ, λ0)] (3.4)
between the ground state and an excited state with one particle at ±q and one hole at λ0 in
(3.2) (time-like regime).
The corresponding amplitudes are given in terms of some properly normalized form factors
Fµpµh of the current operator between the ground state and an excited state containing one
particle at µp and one hole at µh. The connexion
∣∣Fq−q∣∣2 = lim
L→+∞
( L
2π
)2Z2 ∣∣∣∣〈ψq−q | j(0, 0) |ψg 〉||ψq−q|| · ||ψg||
∣∣∣∣2, (3.5)
between the amplitude
∣∣Fq−q∣∣2 and the square of the norm of an Umklapp form factor of the
density operator between the ground state |ψg 〉 and an excited state |ψq−q 〉 containing one
particle and one hole at the opposite ends of the Fermi boundaries was already noticed in
[45, 46]. A similar phenomenon happens for the other terms. More precisely, the amplitudes∣∣Fλ0±q∣∣2 appearing in (3.1) (space-like regime) correspond to the thermodynamic limit of the
properly normalized norm squared of the form factor of the current operator taken between the
ground state |ψg 〉 and an eigenstate |ψλ0±q 〉 with a particle at λ0 and a hole at ±q:
∣∣Fλ0q ∣∣2 = lim
L→+∞
( L
2π
)1+[Fλ0q (q)−1]2+[Fλ0q (−q)]2 ∣∣∣∣〈ψλ0q | j(0, 0) |ψg 〉||ψλ0q || · ||ψg||
∣∣∣∣2, (3.6)
∣∣Fλ0−q∣∣2 = lim
L→+∞
( L
2π
)1+[Fλ0−q (q)]2+[Fλ0−q(−q)+1]2 ∣∣∣∣〈ψλ0−q | j(0, 0) |ψg 〉||ψλ0−q|| · ||ψg||
∣∣∣∣2. (3.7)
Similarly, the amplitudes
∣∣F±qλ0 ∣∣2 appearing in (3.2) (time-like regime) correspond to the ther-
modynamic limit of the properly normalized norm squared of the form factor of the current
operator between the ground state |ψg 〉 and an eigenstate |ψ±qλ0 〉 with a particle at ±q and a
hole at λ0:∣∣Fqλ0∣∣2 = limL→+∞( L2π)1+[F
q
λ0
(q)+1]2+[F qλ0
(−q)]2
∣∣∣∣〈ψqλ0 | j(0, 0) |ψg 〉||ψqλ0 || · ||ψg||
∣∣∣∣2, (3.8)
∣∣F−qλ0 ∣∣2 = limL→+∞( L2π)1+[F
−q
λ0
(q)]2+[F−qλ0
(−q)−1]2
∣∣∣∣ 〈ψ−qλ0 | j(0, 0) |ψg 〉||ψ−qλ0 || · ||ψg||
∣∣∣∣2. (3.9)
The explicit expressions of (3.5)-(3.9) are given in Appendix A.3.
We now comment this result. First of all, the first two lines of each expression appear as
a direct generalization, involving the relativistic combinations x ± vF t, of the large-distance
asymptotic behavior of the corresponding static correlation function. They are in agreement
(up to the amplitude of the third term, computed in [45, 46]) with the predictions coming
from the CFT/Luttinger liquid approximations. This is indeed not surprising, since such terms
involve particle/hole excitations on the Fermi boundary and are therefore correctly taken into
account by a linearization of the spectrum around this point. However, when time is of the same
order of magnitude as distance (i.e. x/t ∼ O(1)), other types of excitations also contribute to
9
the asymptotics, namely those involving particles (for the space-like regime) or holes (for the
time-like regime) with rapidities located at the saddle-point λ0. These contributions appear in
the last two lines of (3.1), (3.2).
Remark 3.1. This result is also valid when x/t→ 0 (t >> x). In the t/x→ 0 limit (i.e. t << x),
one has λ0 → +∞, and the last two terms of (3.1)-(3.2) exhibit a very quick oscillation except
around x = 0, which reconstructs the δ(x)-part of the equal-time correlation function. Hence,
as expected, the contribution of these terms vanishes at large distances.
Remark 3.2. It is easy to see that our result coincides, at the free fermion point c = +∞,
with the leading asymptotic behavior obtained through a direct computation of the correlation
function. In that case λ0 = x/(2t) and the combination of the last two terms of (3.1)-(3.2)
reduces to:
i
√
π
t
eiα
π
4 eiα(
x2
4t
+th)
{
e−iα[xq−t(q
2−h)]
x− 2qt −
eiα[xq+t(q
2−h)]
x+ 2qt
}
, (3.10)
where α = 1 in the space-like regime and α = −1 in the time-like regime. Note that this
contribution is dominant with respect to the other power-law decaying terms.
4 Form factor expansion for the correlation function in finite
volume
The derivation of the result we have just announced is based on the form factor expansion for
the correlation function. In this section, we write down the form factor series representation
for the current-current correlation function in finite volume, or more precisely for its generating
function. Each term of the series can be expressed by using the finite-size determinant repre-
sentation for the form factors of the model and their relation with the overlap scalar products.
Such a series will be the starting point for our study.
Let us consider the zero-temperature correlation function of currents 〈 j(x, t) j(0, 0) 〉, with
j(x, t) = eitHj(x, 0) e−itH . Inserting the sum over the complete (see [23]) set of Bethe states
|ψ′ 〉 between the two operators we obtain
〈 j(x, t) j(0, 0) 〉 =
∑
ψ′
e−itEex
〈ψg | j(x, 0) |ψ′ 〉 〈ψ′ | j(0, 0) |ψg 〉
||ψg||2 · ||ψ′||2 , (4.1)
in which Eex denotes the difference of energies between the excited state |ψ′ 〉 and the ground
state |ψg 〉. The matrix elements of j(x, 0) can be easily obtained in terms of the matrix elements
of the operator eβQx , with Qx =
∫ x
0 j(y, 0)dy :
〈ψg | j(x, 0) |ψ′ 〉
||ψg|| · ||ψ′|| = ∂x∂β
〈ψ({λj}) | eβQx |ψκ({µℓj}) 〉
‖ψ({λj})‖ · ||ψκ({µℓj})||
∣∣∣∣∣
β=0
. (4.2)
In their turn, the latter can be computed from the results of [44, 77, 58] in terms of the scalar
products:
〈ψ({λj}) | eβQx |ψκ({µℓj}) 〉 = eixP
κ
ex〈ψ({λj}) | ψκ({µℓj}) 〉, (4.3)
with Pκex =
∑N
j=1[p0(µℓj ) − p0(λj)]. In these expressions, {λ} parametrizes the ground state
whereas {µℓj} is a set of solutions to the twisted Bethe equations (2.7) associated with the set
10
of integers {ℓj}, such that |ψκ(µℓj ) 〉 → |ψ′ 〉 when κ → 1 (we recall that κ = eβ). Note that
it is enough to consider states with Nκ = N , as otherwise, the corresponding matrix element is
zero.
Therefore, (4.1) can be rewritten as
〈 j(x, t) j(0, 0) 〉 =
∑
ℓ1<...<ℓN
eixPex−itEex
∣∣∣∣∂y∂β{eiyPκex 〈ψ({λj}) | ψκ({µℓj}) 〉‖ψ({λj})‖ · ||ψκ({µℓj})||
}
y,β=0
∣∣∣∣2, (4.4)
in which we have set Pex = limκ→1Pκex. Using the fact that Pex = 0 if |ψ({λj}) 〉 = |ψ({µℓj}) 〉
and that 〈ψ({λj}) | ψκ({µℓj}) 〉 = 0 if |ψ({λj}) 〉 6= |ψ({µℓj}) 〉 in virtue of the orthogonality
of Bethe states [23], we obtain
〈 j(x, t) j(0, 0) 〉 = − [∂βPκex|β=0]2
−
∑
ψ′ 6=ψg
eixPex−itEex P2ex
∂β〈ψ({λj}) | ψκ({µℓj}) 〉β=0 · ∂β〈ψκ({µℓj}) | ψ({λj}) 〉β=0
||ψg||2 · ||ψ′||2 . (4.5)
On the other hand, setting Eκex =
∑N
a=1[ε0(µℓa)− ε0(λa)] and using similar arguments,
∂2x∂
2
β
{
eixP
κ
ex−itE
κ
ex ·
∣∣∣∣ 〈ψ({λj}) | ψκ({µℓj}) 〉||ψκ({µℓj})|| · ||ψ({λj})||
∣∣∣∣2
}
β=0
= −2δψ′,ψg [∂βPκex|β=0]2
−2(1−δψ′,ψg) eixPex−itEex P2ex
∂β〈ψ({λj}) | ψκ({µℓj}) 〉β=0 · ∂β〈ψκ({µℓj}) | ψ({λj}) 〉β=0
||ψg||2 · ||ψ′||2 .
(4.6)
Above we have used the fact that, for β ∈ iR, the solutions of the κ-twisted Bethe equations
(2.7) are real, which means that
〈ψ({λ}) | ψκ({µℓj}) 〉 = 〈ψκ({µℓj}) | ψ({λ}) 〉. (4.7)
Let us define
QκN (x, t) =
∑
ℓ1<···<ℓN
eix
∑N
a=1[u0(µℓa )−u0(λa)]
∣∣∣∣∣ 〈ψ({λj}) | ψκ({µℓj}) 〉∥∥ψκ({µℓj})∥∥ · ‖ψ({λj})‖
∣∣∣∣∣
2
, (4.8)
with u0(λ) = p0(λ)− txε0(λ). Comparing (4.5) and (4.6), we get that QκN (x, t) is the generating
function of the time and space-dependent zero-temperature current-current correlation function
of the NLS model in finite volume:
〈 j(x, t) j(0, 0) 〉 = 1
2
∂2x∂
2
βQκN (x, t)
∣∣
β=0
. (4.9)
We recall that, in (4.8), the set of parameters {λj} denotes the solution of the Bethe equations
(2.2) parametrizing the ground state of the Hamiltonian (2.1), whereas {µℓj} stands for the
unique solution of the κ-twisted logarithmic Bethe equations (2.7) defined by the choice of
integers ℓ1 < · · · < ℓN . The sum runs here through all the possible choices of ordered N -tuples
of integers ℓ1 < · · · < ℓN , and therefore through all the excited states |ψκ({µℓj}) 〉 in the
N -particle sector [23].
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Each term of the form factor series (4.8) involves a normalized scalar product between a
Bethe state and a twisted Bethe state. For the model in finite volume, such scalar products (and
form factors) admit finite-size determinant representations [81, 58]. When the size L becomes
large, these scalar products (and form factors) exhibit a non-trivial behavior with respect to
the size of the system [82, 2]. For scalar products between the ground state and an excited
state with a finite number of particles and holes such as those described in Section 2, it was
shown in [46, 43] how to extract the leading large L asymptotic behavior from their finite size
determinant representations.
The detailed representation for the products of form factor that appear in each term of the
series (4.8), as well as its leading behavior in the thermodynamic limit, is recalled in Appendix A.
In finite volume, the corresponding normalized scalar product takes the following form:∣∣∣∣∣ 〈ψ({λj}) | ψκ({µℓj}) 〉∥∥ψκ({µℓj})∥∥ · ‖ψ({λj})‖
∣∣∣∣∣
2
= D̂N ({λj}, {µℓj}) · ĜN ({λj}, {µℓj}), (4.10)
in which
D̂N ({λj}, {µℓj}) =
N∏
j=1
sin2[πF̂ (λj)]
π2L2 ξ̂′(λj) ξ̂′κ(µℓj)
·
[
detN
1
λj − µℓk
]2
(4.11)
is the so-called discrete part of the form factor, which contains the whole non-trivial singu-
lar part of the form factor with respect to the system-size (and is quite universal), whereas
ĜN ({λj}, {µℓj}) is a dressing function which, for a n-particle/n-hole excited state as defined in
Section 2, admits a smooth thermodynamic limit:
lim
L,N→∞
ĜN ({λj}, {µℓj}) = Gn
({µpa}
{µha}
)
. (4.12)
Here Gn is a holomorphic function of the particle/hole rapidities {µpa} and {µha}. The mi-
croscopic details of this dressing function (see Appendix A) depend on the model and do not
really matter for our study. We will only use the fact that Gn can be represented in terms of a
functional
Gn
({µpa}
{µha}
)
≡ G
[
̟n
(
·
∣∣∣∣{µpa}{µha}
)]
(4.13)
of the function
̟n
(
λ
∣∣∣∣{µpa}{µha}
)
=
n∑
a=1
{
1
λ− µpa
− 1
λ− µha
}
. (4.14)
The behavior of the thermodynamic limit of the discrete part is more difficult to obtain
(see [46, 43] and Appendix A). Its knowledge is however unnecessary for our purpose, since our
study will directly rely on the finite-size formula (4.11). We will simply use the fact that (4.11)
can be understood as a functional of the finite-size shift function F̂ , depending moreover on the
extra sets of particle/hole integers {pa} and {ha}:
D̂N ({λj}, {µℓj}) ≡ D̂N,n
({pa}
{ha}
)[
F̂
]
. (4.15)
More precisely, the function ξ̂ being fixed and the set of parameters λj being defined as the
pre-image of the set {j/L : j = 1, . . . , N} by this function, it means that:
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• the function ξ̂κ in (4.11) should be understood as a functional of the shift function F̂
through the relation ξ̂κ = ξ̂ − L−1F̂ ;
• the set of integers ℓj being fixed by the choice of {pa} and {ha} (and vice-versa), the
parameters µℓj are obtained as their pre-image by the function Lξ̂κ.
5 Effective decoupling of the finite-size form factor series
The structure of the summations in (4.8) is extremely intricate. Indeed, the sets {µℓj} of
Bethe parameters over which we sum up are implicit functions of the N integers ℓj labelling
the corresponding excited states. Although one can build on such a description so as to use
the multidimensional residue theory to recast this complex sum into a contour integral (the so-
called master equation [52, 51, 44]), the later still remains difficult to handle. In particular, one
cannot perform the thermodynamic limit directly on the level of the master equation. Therefore,
one has to expand the contour integral into yet another series (the so-called multidimensional
Fredholm series) that has a presumably well defined thermodynamic limit. The asymptotic
analysis of the obtained series, decomposed in terms of cycle integrals, then relies on a non-
trivial summation process, resulting in particular into the dressing of bare quantities (energy,
momentum) into dressed ones. Although such an approach was successfully applied in [45] to
produce the leading asymptotic behavior of the time-independent correlation functions of the
XXZ chain and of the NLS model (see also [63] for the temperature-dependent case), we wish
here, so as to bypass some of the subtleties of [45], to propose an alternative line of though by
pursuing our study directly on the form factor series.
The idea of our method is the following: the series (4.8) can be related to an essentially
free fermion type series (see Appendix B), this via some reasonable physical assumptions con-
cerning the contribution of each of its terms in the thermodynamic limit, and via some formal
manipulations. Indeed, it is shown in Appendix B that if, for each excited state,
• the rapidities of the particles and holes are decoupled, i.e. they are determined by a
counting function that does not depend on the position of the roots of the corresponding
excited state,
• the dressing part ĜN of the form factors is decoupled,
then the series in finite volume can be summed up into a finite-size determinant. We explain in
this section how to reduce the study of our highly coupled series to this simple case. It means
that, in our setting, the key-role in the summation is played by the universal discrete part D̂N
of the form factors exactly as in the free fermion case. This fact should be put in parallel
with the key-role played, in the master equation-based asymptotic analysis [45], by the Cauchy
determinant part of the form factors.
5.1 An effective form factor series
Considering that we will finally be interested in the thermodynamic limit L → +∞ of the
generating function (4.8), we now slightly simplify its form factor series. Our simplifications
rely on two kinds of assumptions:
(i) the contribution to the sum (4.8) of a state having a macroscopically (with respect to L)
different energy and momentum from the ground state should vanish in the thermody-
namic limit;
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(ii) for each term of the series, "non-discrete" quantities (i.e. parts of the form factor expres-
sion behaving smoothly at the thermodynamic limit) should contribute to the thermody-
namic limit of the sum (4.8) only through their leading order in L.
Assumption (i) can be attributed in particular to the extremely quick oscillation of the phase
factors for states having large excitation momenta and energies. It means notably that:
• we can use the particle/hole picture to describe the large-L behavior of the form factors,
keeping in mind that the relevant (i.e. the one not vanishing in the L→ +∞ limit) part
of the form factor expansion corresponds to a summation over states with a finite (or at
least growing much less than L) number of particle/hole excitations above the ground
state;
• we can introduce a "cut-off" (with respect to L) of the range of integers on which we sum
up in (4.8) since, for very large integers, momentum and energy of the corresponding state
become also very large.
Doing this, we roughly speaking neglect correcting terms in the lattice size L. It is thus reason-
able to assume that, on the same ground, one can also neglect some finite-size corrections to
the leading thermodynamic behavior of the form factors, as stated in (ii). More precisely, we
make the following simplifications in the series (4.8):
• we replace the finite-size shift function F̂ , the smooth part ĜN and the oscillating exponent∑N
a=1[u0(µℓa)− u0(λa)] by their leading contribution in the thermodynamic limit;
• in the obtained expression, we now understand the rapidities of the particles µpa (resp.
of the holes µha), corresponding to a particular choice of integers ℓ1 < · · · < ℓN , as being
defined in terms of the thermodynamic limit F of the shift function (and no longer in
terms of its finite-size counterpart (2.9)) as the pre-images of pa/L (resp. ha/L) by the
counting function ξ̂F = ξ̂ − F/L; in other words, the 2n parameters {µpa} and {µha} are
obtained as the unique solutions to the system of 2n equations
ξ̂(µpa)−
1
L
F
(
µpa
∣∣∣∣ {µpa}{µha}
)
=
pa
L
and ξ̂(µha)−
1
L
F
(
µha
∣∣∣∣ {µpa}{µha}
)
=
ha
L
, (5.1)
with a = 1, . . . , n.
These simplifications result into an effective series that we assume to have the same value
at the thermodynamic limit as the original series. In other words, we conjecture that,
lim
L,N→∞
QκN (x, t)eff = lim
L,N→∞
QκN (x, t) ≡ Qκ(x, t), (5.2)
with
QκN (x, t)eff = e−
xβpF
π
∑
ℓ1<···<ℓN
ℓa∈BL
e
ix
n∑
a=1
[u(µpa )−u(µha )] · D̂N,n
({pa}
{ha}
)[
F
(
·
∣∣∣∣{µpa}{µha}
)]
× G
[
̟n
(
·
∣∣∣∣{µpa}{µha}
)]
. (5.3)
In (5.3), the sums are restricted to the set BL =
{
ℓ ∈ Z | −wL ≤ ℓ ≤ wL
}
, where wL is
a cut-off growing as L1+ǫ, for some ǫ > 0. For a given set of integers {ℓj}, the parameters
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pa and ha define the position of particles and holes as explained in Section 2. The (finite-
size) representation for the form factor has been partly replaced by its thermodynamic limit.
More precisely, the dressing function and the phase factor, which both behave smoothly at
the thermodynamic limit, have been replaced by their leading equivalents. Note that, as a
consequence, it is now the dressed energy and momentum that appear in the phase factor (cf
Appendix A): u(λ) = p(λ) − txε(λ). In (5.3), we have kept the finite-size expression of the
discrete part, but we have nevertheless replaced the expression of the finite-size shift function F̂
by its limiting value F (2.14). Finally, the particles and holes’ rapidities associated to a given
set of integers ℓ1 < · · · < ℓN are obtained (in terms of F ) via the system of 2n equations (5.1).
Remark 5.1. We stress that, in (5.3), we are still in "finite volume" (i.e. for the moment, L
and N are kept finite). We have only modified the original series (4.8) arguing that it should
not affect the value of its thermodynamic limit.
Remark 5.2. The introduction of the cut-off wL is convenient to avoid problems of convergence
in our further manipulations of the series. Indeed, as far as we remain in finite volume, we now
deal with finite sums only.
5.2 Towards a free-fermion type series
Although the effective series (5.3) is already simpler that the original one it is still highly
coupled:
• the thermodynamic limit of the shift function (2.14) still depends on the position of
particles and holes,
• the rapidities of the particles and holes have to be computed for each excited state sepa-
rately (i.e. they are excited state dependent),
• the expression of the functional G is extremely intricate.
Our aim is now to relate QκN (x, t)eff to a decoupled series, so as to reduce its analysis to the
one of the generalized free-fermion case that is carried out in Appendix B. This can be done
by understanding the coupling between variables as the result of the action of some functional
translation operators6 (see Appendix C).
The function ̟n (4.14) depends linearly on a function of the rapidities of the particles and
of the holes. This means that one can formally express this dependence by means of the action
of a functional translation operator, as explained in Appendix C: for any sufficiently smooth
functional F supported on a neighborhood U of the real axis,
F
[
̟n
(
·
∣∣∣∣{µpa}{µha}
)]
=
n∏
a=1
exp
{∫
R
dλ
[
1
λ− µpa
− 1
λ− µha
]
δ
δω(λ)
}
· F [ω]
∣∣∣∣
ω=0
. (5.4)
The thermodynamic limit of the shift function (2.14) also depends linearly on a function of the
rapidities of the particles and holes. However, the situation is slightly more complicated than in
(5.4) since, in virtue of (5.1), the parameters {µpa} and {µha} are themselves functionals of the
shift function. As explained in Appendix C, one can still represent any smooth functional of
6The use of functional translation operators is simply a convenient and compact way to manipulate generalized
Lagrange series (see Appendix C of [45]). In fact, the whole reasoning that follows can instead be performed by
writing explicitly the corresponding series.
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this shift function in terms of translation operators, provided that one imposes some operator
ordering : · : and that one takes into account the contribution of the Jacobian coming from
the summation of the corresponding multi-dimensional Lagrange series (see formulae (C.5) and
(C.11)):
F
[
F
(
·
∣∣∣∣{µ¯pa}{µ¯ha}
)]
= :
n∏
a=1
exp
{∫
R
dλ [φ(λ, µ¯ha)− φ(λ, µ¯pa)]
δ
δτ(λ)
}
· F [ντ ] :
∣∣∣∣
τ=0
J. (5.5)
Above the operator ordering : · : is such that, in the formal series expansion in powers of
δ/δτ(λ), all functional derivative operators are located on the left. ντ is the function
ντ (λ) = i
βZ(λ)
2π
+ τ(λ), (5.6)
and J is the Jacobian J = detR
[
I − δΓ[ντ ](λ)/δτ(µ)
]
|τ=F
of the functional
Γ[ντ ](λ) =
n∑
a=1
[φ(λ, µ¯ha)− φ(λ, µ¯pa)], where µ¯ℓ ≡ ξ̂−1ντ
( ℓ
L
)
with ℓ ∈ Z . (5.7)
This Jacobian is evaluated at τ = F , where F coincides with the shift function occuring in the
l.h.s. of (5.5). We stress that the bar occuring in the parameters µ¯pa (resp. µ¯ha) appearing in
the r.h.s. of (5.5) indicates that these are to be understood as the pre-images of pa/L (resp.
ha/L) by the counting function ξ̂ντ , as in (5.7).
It is easy to convince oneself that, provided that the number of particle/hole excitations is
finite, J = 1+O(L−1). In the light of our previous arguments, only this sector of excitations is
expected to contribute to the L→ +∞ limit of the form factor expansion. As a consequence, in
order to be consistent with our previous approximations, we also drop the finite-size corrections
due to this Jacobian by considering from now on that our effective series (still abusively denoted
by the same symbol QκN (x, t)eff ) is in fact given by the expression (5.3) in which each term is
multiplied by the inverse of this Jacobian.
Hence, the use of the functional derivative leads to the following representation:
D̂N,n
({pa}
{ha}
)[
F
(
·
∣∣∣∣{µpa}{µha}
)]
· G
[
̟n
(
·
∣∣∣∣{µpa}{µha}
)]
· J−1
= :
n∏
a=1
e
∫
R
dλ [φ(λ,µ¯ha )−φ(λ,µ¯pa )]
δ
δτ(λ)
n∏
a=1
e
∫
R
dλ
[
1
λ−µ¯pa
− 1
λ−µ¯ha
]
δ
δω(λ)
· D̂N,n
({pa}
{ha}
)
[ντ (·)] · G [ω(·)] :
∣∣∣∣
τ=0
ω=0
. (5.8)
Here we have insisted on the fact that D̂N,n and G are functionals acting on the argument ·
of ντ (·) and ω(·). Also, on the l.h.s. of (5.8), we have explicitly pointed out the parametric
dependence of F and ̟n on the parameters {µpa} and {µha}.
In the r.h.s. of (5.8), the functional D̂N,n acts on a shift function ντ that does not depend
anymore on the particle/hole rapidities. In other words, the effective shift function ντ becomes
independent of the summation variables and hence mimics the one appearing in the generalized
free fermion model studied in Appendix B. Moreover, the equations defining the position of the
particle’s/hole’s rapidities also become decoupled: the rapidity µ¯ℓ is now the unique solution
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to ξ̂ντ (µ¯ℓ) = ℓ/L, and its value does not depend anymore on the choice of the other integers
describing the excited state, but only on the function τ .
It is convenient to express, on a formal level, each term of the pre-factor in (5.8) as a ratio
of two exponents e ĝ(µ¯pa )/e ĝ(µ¯ha ), where ĝ is an operator valued function (we have used the hat
so as to insist on this property):
ĝ = ĝτ + ĝω, with ĝτ (λ) = −
∫
R
dµφ(µ, λ)
δ
δτ(µ)
, ĝω(λ) =
∫
R
dµ
µ− λ
δ
δω(λ)
. (5.9)
In the following, we set
Ê2− = e
−ixu−ĝ. (5.10)
The operator order : · : being linear, we can exchance it with a finite summation symbol
such as the one appearing in the expression (5.3) for QκN (x, t)eff . Hence, we obtain
QκN (x, t)eff = e−
βxpF
π :
∑
ℓ1<···<ℓN
ℓj∈BL
n∏
a=1
Ê2−(µ¯ha)
Ê2−(µ¯pa)
· D̂N,n
({pa}
{ha}
)
[ντ ] · G [ω] :
∣∣∣∣
τ=0
ω=0
= e−
βxpF
π :
N∏
a=1
Ê2−(µ¯a)
Ê2−(λa)
·XN
[
ντ , Ê
2
−
] · G [ω] : ∣∣∣∣
τ=0
ω=0
, (5.11)
in which XN is the generalized free-fermionic functional (B.1) studied in Appendix B.
5.3 Representation in terms of a finite-size determinant
In Appendix B we have recast the generalized free-fermionic functional XN [ν,E
2
−] into a finite-
size determinant (B.2), this without any further approximations. Such a representation is
obtained through purely algebraic manipulations on the initial definition (B.1) for XN [ν,E
2
−].
These two representations are still equal when applied to the (non-commutative) operator valued
functions ντ and Ê−: it is indeed not a problem to implement the appropriate operator order at
any step of the computation performed in Appendix B. One may therefore use the determinant
representation (B.2) to obtain new representations for our series (5.11), provided that one
imposes an operator order on the entries of the columns of the determinant7 [84]. This leads to
QκN (x, t)eff = e−
βxpF
π :
N∏
a=1
Ê2−(µ¯a)
Ê2−(λa)
· detN
[
δjk +
V̂ (L)(λj , λk)
L ξ̂′(λk)
]
· G [ω] :
∣∣∣∣
τ=0
ω=0
, (5.12)
where the (operator valued) kernel is given as
V̂ (L)(λk, λj) = 4
sin[πντ (λk)] sin[πντ (λj)]
2iπ(λk − λj)
{
Ê
(L)
+ (λk) Ê−(λj)− Ê(L)+ (λj) Ê−(λk)
}
, (5.13)
with
Ê
(L)
+ (λ) = iÊ−(λ)

B¯L∫
A¯L
upslope
dµ
2π
Ê−2− (µ)
µ− λ +
Ê−2− (λ)
2
cot[πντ (λ)] + IL
[
ντ , Ê
−2
−
]
(λ)
 . (5.14)
7Such an order can for instance be implemented explicitly by expanding the determinant into a sum over
permutations.
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The expression of the functional IL can be found in (B.5).
Such an expression provides a formal re-summation of the effective form factor series (5.3).
In the next section, we show how to take the thermodynamic limit of (5.12).
6 Thermodynamic limit and asymptotic analysis
We now build on the results of the previous section so as to derive the leading large-distance/long-
time asymptotic behavior of the thermodynamic limit Qκ(x, t) of the generating function
QκN (x, t).
6.1 Representation in terms of a Fredholm determinant in the thermody-
namic limit
The next step of our study is to obtain a convenient representation for the thermodynamic limit
N,L→ +∞ of the generating function (4.8). Recall at this point that the effective series (5.3)
was built so as to approach, in this limit, the same value Qκ(x, t) as the original form factor
series (4.8). We will therefore use the representation (5.12) to derive a suitable expression for
Qκ(x, t).
In principle, prior to taking the thermodynamic limit of a formal representation such as
(5.12), one should first compute the effect of the translation operators: the operation of taking
the thermodynamic limit is indeed a priori only allowed on expressions defined in terms of
explicit holomorphic functions (i.e. which do not contain any operator valued functions). In
Appendix D, such a procedure is explicitly performed so as to obtain, starting from (5.12), a
particular series representation of the thermodynamic limit Qκ(x, t) of QκN (x, t). More precisely,
in Appendix D, we expand the finite-size determinant in (5.12) into a sum over determinants of
all sub-matrices of V (λj , λk), factorize the Cauchy part of each of these determinants, compute
the effects of the translation operators, and then take the thermodynamic limit. This enables
us to express Qκ(x, t) as a series of multiple integrals coinciding, in the equal-time case, with
the series expansion derived from the master equation representation in [45].
In fact, it is easy to convince oneself, by carrying out the computation in the reverse order,
that the operation of taking the thermodynamic limit N,L→ +∞ and the one of computing the
effect of the translation operators do actually commute. Indeed, let us consider the expression
(5.12) in which we have sent directly N,L → +∞, hence replacing sums by integrals in the
prefactor and the finite-size determinant representation for XN by the Fredholm determinant
(B.11) :
e
−βxpF
π : e
−
q∫
−q
ντ (λ) [ixu′(λ)+ĝ′(λ)] dλ
det
[
I + V [ντ , u, ĝ]
] · G [ω] : ∣∣∣
τ=0
ω=0
, (6.1)
where
V [ν, u, g](λ, µ) = 4
sin[πν(λ)] sin[πν(µ)]
2iπ(λ− µ)
{
E+(λ)E−(µ)− E+(µ)E−(λ)
}
(6.2)
with
E−(λ) = e
−ixu(λ)
2
− g(λ)
2 , (6.3)
E+(λ) = iE−(λ)

∫
R
upslope
dµ
2π
E−2− (µ)
µ− λ +
E−2− (λ)
2
cot[πν(λ)]
 . (6.4)
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Then, if we decompose the Fredholm determinant in (6.1) into its Fredholm series and subse-
quently compute the effect of the functional translation operators, we obtain the same represen-
tation (D.24) as by performing all these operations in the opposite order. This means (provided
that the series (D.24) is convergent, which is not completely obvious but seems nevertheless
a reasonable assumption) that the thermodynamic limit of the effective series (5.12), which is
supposed to give the thermodynamic limit of the original form factor series (4.8), is effectively
given by the expression (6.1), i.e.
Qκ(x, t) = e−βxpFπ : e
−
q∫
−q
ντ (λ) [ixu′(λ)+ĝ′(λ)] dλ
det
[
I + V [ντ , u, ĝ]
] · G [ω] : ∣∣∣
τ=0
ω=0
, (6.5)
with a kernel V given by (6.2)-(6.4). It also means that we can now use any other existing
representation for the Fredholm determinant so as to compute the effect of the translation
operators and recover standard scalar-valued functions. In fact, it is not very convenient for our
purpose to expand the determinant into its Fredholm series like in Appendix D since the latter
does not provide any information on its large-x asymptotic behavior. This large-x asymptotic
behavior was studied in [60] precisely with the goal of computing the asymptotic behavior of
(6.5), and a much more convenient (with respect to the x → +∞ limit) representation for the
Fredholm determinant was obtained there.
6.2 Large-x asymptotic behavior of the Fredholm determinant
The large x asymptotic analysis of the Fredholm determinant with kernel (6.2)-(6.4) was per-
formed in [60] using Riemann-Hilbert problem-based techniques. There, it was proven that,
under some hypothesis about the regularity and behavior of the functions ν, u and g defined on
some open neighborhood of the real axis (see [60] for more precisions), and provided that the
function u has a unique saddle-point λ0 on R (with λ0 6= ±q),
det[−q,q]
[
I + V
]
[ν, u, g] = exp
{ q∫
−q
[
ixu′(λ) + g′(λ)
]
ν(λ) dλ
}
×
{
Bx[ν, u] +
∑
ǫ=±1
eiǫx[u(q)−u(−q)]+ǫ[g(q)−g(−q)] Bx[ν + ǫ, u]
+
1
x
3
2
∑
ǫ=±1
eiαx[u(λ0)−u(ǫq)]+α[g(λ0)−g(ǫq)] b
(ǫ,α)
1 [ν, u]Bx[ν, u] +Rx[ν, u, g]
}
, (6.6)
with α = +1 in the space-like regime8 (λ0 > q) and α = −1 in the time-like regime (λ0 ∈]−q, q[).
In (6.6), the functional Bx reads
Bx[ν, u] = e
iπ
2
[ν2(q)−ν2(−q)] B˜[ν]
[2qx (u′(q) + i0+)]ν2(q) [2qx u′(−q)]ν2(−q) , (6.7)
8The case λ0 < −q was not considered in [60].
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with B˜[ν] given by (A.22), and
b
(ǫ,α)
1 [ν, u] = e
−iαπ
4
[2qx u′(ǫq) + i0+]2ǫαν(ǫq)√
−2πu′′(λ0) u′(ǫq)
(−ǫ) ν(ǫq)
(λ0 − ǫq)2
(
λ0 + q
λ0 − q − i0+
)−2αν(λ0)
× (e−2iπν(λ0) − 1)1−α (e−2iπν(ǫq) − 1)α Γ(1− ǫαν(ǫq))
Γ(1 + ǫαν(ǫq))
eαJ˜ [ν](λ0)−αJ˜ [ν](ǫq), (6.8)
where J˜ is given by (A.25). Rx[ν, u, g] is a remainder which is uniformly of order O
( log x
x
)
in
what concerns the non-oscillating corrections, of order O
(Bx[ν + ǫ, u] log xx ) in what concerns
the oscillating corrections at eiǫx[u(q)−u(−q)], and of order O
(Bx[ν, u] b(ǫ,α)1 [ν, u] logxx5/2 ) in what
concerns the oscillating corrections at eiαx[u(λ0)−u(ǫq)]. It was shown in [60] how to obtain a
series representation for this remainder, the so-called Natte series, which possesses the property
of being well ordered with respect to its large-x behavior (in can be shown that its n-th term
is (uniformly) a O(x−na), for some 0 < a < 1 that depends on ν, u and g). Hence, this series is
well adapted for the study of the asymptotic behavior of the determinant (on the contrary to
its Fredholm series). The form of such a Natte series is recalled in Appendix E.
Remark 6.1. Note that for |ℜ (ν)| < 1/2 the first (non-oscillating) term Bx[ν, u] in (6.6) is always
leading, at large x, with respect to the other ones. This leading term will produce the leading
asymptotic behavior of the generating function Qκ(x, t), as we will see in the next subsection.
However, recall that we have to differentiate twice with respect to x and with respect to β at
β = 0 in order to obtain the correlation function 〈 j(x, t) j(0, 0) 〉. By such a process, the first
oscillating corrections may become leading with respect to non-oscillating terms. This is the
reason why we also consider these corrections in (6.6).
6.3 Asymptotic behavior of the correlation function
So as to obtain the asymptotic behavior of the correlation function, it remains to compute the
effect of the functional translation operators on the representation (6.6) of (6.5). First, we
observe that the exponential pre-factor of (6.5) is canceled by the one in (6.6):
exp
{
−
q∫
−q
ντ (µ) ĝ
′(µ) dµ
}
exp
{ q∫
−q
ντ (µ) ĝ
′(µ) dµ
}
= 1. (6.9)
Such a simplification is justified by the fact that, when applying (6.9) on any functionals of ντ
or ω, we observe an algebraic cancellation for each term of the : · : ordered series expansion in
δ/δτ and δ/δω for these exponents 9. Therefore,
Qκ(x, t) = e−βxpFπ :
{
Bx[ντ , u] +
∑
ǫ=±1
eiǫx[u(q)−u(−q)]+ǫ[ĝ(q)−ĝ(−q)] Bx[ντ + ǫ, u]
+
1
x
3
2
∑
ǫ=±1
eiαx[u(λ0)−u(ǫq)]+α[ĝ(λ0)−ĝ(ǫq)] b
(ǫ,α)
1 [ντ , u]Bx[ντ , u] + Rx[ντ , u, ĝ]
}
·G [ω] :
∣∣∣∣
τ=0
ω=0
.
(6.10)
9Such an algebraic cancellation is very similar to the one occuring when computing (
√
I − A)2 through a
Taylor series expansion around zero.
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It can be proved that, by computing the effect of the functional translation operators oc-
curing in the remainder Rx[ντ , u, ĝ], one obtains corrections that are of the same order (i.e.
O( log xx ) corrections to each of the terms already present in the asymptotics) as originally in
(6.6). This is explicitly done in Appendix E by using the so-called Natte series representation
of the Fredholm determinant derived in [60]. More precisely, it is shown in Appendix E that
the effect of the translation operators do not mix the orders in x among the different terms of
this (well-ordered) series. Therefore, the leading asymptotic behavior of the generating function
follows directly from the above leading asymptotic behavior of the Fredholm determinant.
Since no translation operator is applied on the first (non-oscillating) term of (6.10), we
simply need to set τ = 0 and ω = 0 into the corresponding expressions. The action of the
translation operators eǫ[ĝ(q)−ĝ(−q)] on the second term of (6.10) results into replacing the function
G [ω] by
G
[
̟1
(
·
∣∣∣∣ ǫq−ǫq
)]
≡ G1
(
ǫq
−ǫq
)
, (6.11)
and the function ντ by the shift function
F
(
·
∣∣∣∣ ǫq−ǫq
)
=
iβ
2π
Z − [φ(·, ǫq)− φ(·,−ǫq)] = ( iβ
2π
+ ǫ
)
Z − ǫ (6.12)
associated to a state with one particle and one hole located on the opposite ends of the Fermi
zone. Similarly, the action of the translation operators eα[ĝ(λ0)−ĝ(ǫq)] results into replacing G [ω]
and ντ respectively by
G
[
̟1
(
·
∣∣∣∣λ0ǫq
)]
≡ G1
(
λ0
ǫq
)
and F
(
·
∣∣∣∣λ0ǫq
)
=
iβ
2π
Z − [φ(·, λ0)− φ(·, ǫq)] (6.13)
in the space-like regime α = +1, and by
G
[
̟1
(
·
∣∣∣∣ǫqλ0
)]
≡ G1
(
ǫq
λ0
)
and F
(
·
∣∣∣∣ǫqλ0
)
=
iβ
2π
Z − [φ(·, ǫq) − φ(·, λ0)] (6.14)
in the time-like regime α = −1. Therefore, we get
Qκ(x, t) = e−βxpFπ
{
Bx
[
iβ
2π
Z, u
]
G0
(
1 + O
(
log x
x
))
+
∑
ǫ=±1
eiǫx[u(q)−u(−q)] Bx
[(
iβ
2π
+ ǫ
)
Z, u
]
G1
(
ǫq
−ǫq
) (
1 + O
(
log x
x
))
+
1
x
3
2
∑
ǫ=±1
eix[u(λ0)−u(ǫq)] b
(ǫ,+1)
1
[
F
(
·
∣∣∣∣λ0ǫq
)
, u
]
Bx
[
F
(
·
∣∣∣∣λ0ǫq
)
, u
]
G1
(
λ0
ǫq
)(
1+O
(
log x
x
))}
(6.15)
in the space-like regime, and similar expressions in the time-like regime. Namely, in the time-
like regime, the exponent in the last term changes sign and b
(ǫ,+1)
1 , F
( · |λ0ǫq ), G1(λ0ǫq) are replaced,
respectively, by b
(ǫ,−1)
1 , F
( · | ǫqλ0 ) and G1(ǫqλ0).
In order to obtain the leading asymptotic behavior of the correlation function of currents,
it remains finally to compute the second x-derivative and second β-derivative at β = 0 of the
previous result, cf (4.9). The derivatives of the first term (the non-oscillating one) in (6.15)
produce the constant and the non-oscillating term appearing in (3.1) and (3.2) (we have used
(A.20)). In their turns, the derivatives of the two types of oscillating corrections produce the
corresponding oscillating terms in (3.1), (3.2), with amplitudes given by (A.28)-(A.30).
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7 Conclusion
In this article, we have proposed a new method to derive, starting from first principles, the
leading asymptotic behavior of the two-point correlation functions of quantum integrable sys-
tems. To explain the main steps of this method, we chose to focus on the example of the
current-current correlation function of the quantum non-linear Schrödinger model. The case
of the field/conjugated field correlator 〈Ψ†(x, t)Ψ(0, 0) 〉, together with a rigorous setting for
carrying out all the manipulations with operator valued determinants, will be given in [59].
Our result goes beyond the CFT/Luttinger liquid based predictions: the saddle-point con-
tributions that appear in the asymptotic behavior (3.1)-(3.2) involve excitations away from the
Fermi surface and cannot be neglected for x/t finite.
Compared to the approach of [45], based on the master equation representation for the
correlation functions, the present study relies directly on their form factor expansion. We
would like to conclude this article by making here a few comments about the similarities and
differences between the two methods.
Of course, since the master equation can be understood as the result of a summation over
the form factors, the spirit of the two approaches is essentially the same. In particular, in
both approaches, the asymptotic analysis relies essentially on the singular part of the form
factor which is explicitly extracted (in the form of a Cauchy determinant squared), whereas the
(model-dependent) regular part is treated as a dressing part which is formally decoupled (or
linked to decoupled functions) to make the analysis possible. This enables one to draw a link
between the quantity to estimate and the Fredholm determinant of a generalized sine kernel.
The asymptotic analysis of this Fredholm determinant then leads to the asymptotic behavior
of the correlation function.
However, there exist some essential differences between the two approaches. In [45], the
correlation function was expanded into a series whose building blocks were the so-called cycle
integrals. These cycle integrals could then be related to a Fredholm determinant, which allowed
one to access to their asymptotic behavior. The physical interpretation of these objects was
however not clear, and they happened to be quite indirectly related to the correlation functions.
In fact, once the asymptotic behavior of these cycle integrals established, one had to sum up
the series so as to obtain the asymptotic behavior of the correlation function. In this process,
the main problem was that not only the leading asymptotic behavior of individual cycle integrals
was contributing to the leading order for the correlation functions: one had to perform a fine
and non-trivial study [47, 45, 62] of the asymptotic series so as to gather terms at all order
that finally, when summed up, were contributing to the leading order. In fact, all these terms
were rearranging themselves into some generalization of a multiple Lagrange series producing,
when summed up, a dressing of bare quantities (energy and momentum) into dressed ones.
On the contrary, here, one deals from the very beginning with objects having a clear physical
interpretation, the form factors. In this context, the dressed quantities appear naturally when
considering the thermodynamic limit of these form factors. Hence, performing the summation
over the form factors, we can connect the series to a Fredholm determinant that is already
expressed in terms of these dressed quantities. Therefore, the asymptotic study is much simpler:
it happens that the leading asymptotic behavior of the Fredholm determinant gives directly the
leading asymptotic behavior of the correlation function. In other words, there is no need to
resort to highly non-trivial summation as in [45].
In fact, we would like to stress that the whole process described in the core of this article
is quite simple and direct. Once the form factor series written down and the effective con-
22
tributing part of the form factor established, the result of the summation can be expressed,
in the thermodynamic limit, in terms of a Fredholm determinant. The leading asymptotic be-
havior of the correlation function follows directly from the leading asymptotic behavior of this
Fredhom determinant. Even if, in the course of the computations, we use some functional trans-
lation operators to relate our series to a decoupled one, whenever the action of these functional
translation operators has to be computed, it is quite straightforward, i.e. it produces a simple
translation of the functional on which it acts. On the contrary, if one wants to recover, starting
from the form factor expansion, a series similar to the one studied in [45], the computations are
much more involved (see Appendix D). In particular, the action of the translation operators
on the series of Appendix D produces non-trivial effects: one has to deal with summations
of generalized Lagrange series, which results into an undressing of the dressed quantities into
bare ones. It is therefore clear that most of the mathematical complexity corresponding to this
non-trivial summation has already been taken into account by the fact that we had some pre-
cise description (the particle-hole picture) of our form factors, which allowed us from the very
beginning to deal with dressed quantities instead of bare ones. Note that the simpler setting of
our method enables us here to consider the time-dependent case, which is not so obvious within
the approach of [45]. Note also that, in principle, there is no intrinsic obstruction preventing
us from obtaining higher order terms in the asymptotic expansion for the correlation functions.
For this it is enough to refine the asymptotic expansion of the Fredholm determinant.
Of course, there is a price to pay for this simplicity: the need of some clear picture to describe
the form factors. Whereas in [45] all kinds of Bethe roots were automatically taken into account
within the master equation framework (and this without any precise study of the spectrum),
here we strongly rely on the fact that the spectrum of the model we consider is particularly
simple: all excited states can be described in terms of particles and holes. In order to apply
our method to the case of the XXZ spin chain, for example, one has also to take into account
the contribution of complex solutions. Although it seems that, for the time-independent case,
these solutions do not contribute to the leading asymptotic behavior of correlation functions
(see [42]), the question remains open in the time-dependent case. This will be the subject of a
further study.
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A The form factors and their thermodynamic limit
In this appendix, we present the explicit expression and the leading thermodynamic behavior
of the combinations of finite-volume form factors which appear in each term of the series (4.1),
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i.e., with the notations of Section 4, of
e−itEex
〈ψg | j(x, 0) |ψ′ 〉 〈ψ′ | j(0, 0) |ψg 〉
||ψg||2 · ||ψ′||2
=
1
2
∂2x∂
2
β
{
eixP
κ
ex−itE
κ
ex
∣∣∣∣ 〈ψ({λj}) | ψκ({µℓj}) 〉∥∥ψκ({µℓj})∥∥ · ‖ψ({λj})‖
∣∣∣∣2}
β=0
. (A.1)
These results being the complete analogues, in the case of the NLS model, of those derived in
[46, 43] for the XXZ chain, we skip the details of the computations.
A.1 Thermodynamic limit of the space and time-dependent phase factor
The thermodynamic limit of eixP
κ
ex−itE
κ
ex generates dressed quantities. This limit being com-
pletely smooth, it is easy to see that
eixP
κ
ex−itE
κ
ex = exp
{
ix
q∫
−q
u′0(λ)F (λ) dλ + ix
n∑
a=1
[
u0(µpa)− u0(µha)
]}
(1 + O(1/L))
= exp
{
− xβ
2π
q∫
−q
u′0(λ)Z(λ) dλ+ ix
n∑
a=1
[
u(µpa)− u(µha)
]}
(1 + O(1/L)),
in which we have used the explicit form (2.14) of the shift function F , and where u is the
following combination of dressed quantities u(λ) = p(λ) − tε(λ)/x. This identification was
possible due to
u(λ) = u0(λ)−
q∫
−q
u′0(µ)φ(µ, λ) dµ. (A.2)
Note that, due to the fact that ε′0 is an odd function whereas the dressed charge Z is even, one
has
q∫
−q
dλZ(λ)u′0(λ) = 2pF . (A.3)
A.2 Representation of the normalized scalar product
Let {λj} be the solution of the system of Bethe equations (2.2) parametrizing the ground state
of (2.1) and let {µℓj} be a set of Bethe roots of (2.7) parametrizing an excited state above the
κ-twisted ground state in the N -particle sector. Then the normalized modulus squared of the
corresponding overlap scalar product in finite volume can be represented as∣∣∣∣∣ 〈ψ({λj}) | ψκ({µℓj}) 〉∥∥ψκ({µℓj})∥∥ · ‖ψ({λj})‖
∣∣∣∣∣
2
= D̂N ({λj}, {µℓj}) · ŴN ({λj}, {µℓj}) · ÂN ({λj}, {µℓj}), (A.4)
where D̂N , ŴN and ÂN are given by
D̂N ({λj}, {µℓj}) =
N∏
j=1
sin2[πF̂ (λj)]
π2L2 ξ̂′(λj) ξ̂′κ(µℓj)
·
[
detN
1
λj − µℓk
]2
, (A.5)
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ŴN ({λj}, {µℓj}) =
N∏
j,k=1
(λj − µℓk − ic) (µℓj − λk − ic)
(λj − λk − ic) (µℓj − µℓk − ic)
, (A.6)
ÂN ({λj}, {µℓj}) =
(1− κ)2
(1− e−2iπF̂ (θ1))(1− e−2iπF̂ (θ2))
N∏
a=1
(θ1 − λa + ic)(θ2 − λa + ic)
(θ1 − µℓa + ic)(θ2 − µℓa + ic)
× detΓ
[
I + 12iπ Û
(λ)
θ1
(ω, ω′)
] · detΓ[I + 12iπ Û (λ)θ2 (ω, ω′)]
detN
[
δjk − K(λj−λk)2πL ξ̂′(λk)
]
· detN
[
δjk −
K(µℓj−µℓk )
2πL ξ̂′κ(µℓk )
] . (A.7)
We recall that ξ̂κ and ξ̂ denote respectively the excited state counting function (2.8) and the
ground state counting function at κ = 1, whereas F̂ is the finite-size shift function (2.9). Here
θ1 and θ2 are some arbitrary real parameters. The integral operator I +
1
2iπ Û
(λ)
θ acts on the
closed contour Γ surrounding the ground state roots {λj} and no other singularity of the kernel.
This kernel reads
Û
(λ)
θ (ω, ω
′) = −
N∏
a=1
(ω − µℓa)(ω − λa + ic)
(ω − λa)(ω − µℓa + ic)
· Kκ(ω − ω
′)−Kκ(θ − ω′)
1− e−2iπF̂ (ω)
, (A.8)
with
Kκ(ω) =
1
ω + ic
− κ
ω − ic . (A.9)
Remark A.1. Although each individual term, in (A.7), does depend on the set of auxiliary
parameters θk, the overall combination ÂN does not. This was proven in [45].
The factor D̂N ({λj}, {µℓj}) (A.5) is the so-called discrete part of the form factor. It contains
all the non-trivial "singular part" of the form factor (see [43]). On the contrary, the factor
ĜN ({λj}, {µℓj}) ≡ ŴN ({λj}, {µℓj}) · ÂN ({λj}, {µℓj}) (A.10)
admits a smooth thermodynamic limit. It can be thought of as a dressing function. It is equal
to 1 at the free-fermion point.
In the case of an excited state |ψκ({µℓj}) 〉 with a finite number of particles and holes as
described in Section 2, it is easy to compute the thermodynamic limit of the dressing function
ĜN (see [43]):
lim
L,N→∞
ĜN ({λj}, {µℓj}) = Gn
({µpa}
{µha}
)
≡ Wn
({µpa}
{µha}
)
· An
({µpa}
{µha}
)
, (A.11)
with
Wn
({µpa}
{µha}
)
=
n∏
a,b=1
(µpa − µhb − ic)(µha − µpb − ic)
(µpa − µpb − ic)(µha − µhb − ic)
× e
−2iπ
n∑
a=1
∑
ǫ=±
{C[F ](µpa+iǫc)−C[F ](µha+iǫc)}+C0[F ]
, (A.12)
An
({µpa}
{µha}
)
= (1− κ)2 e
−2iπ{C[F ](θ1+ic)+C[F ](θ2+ic)}
(1− e−2iπF (θ1))(1− e−2iπF (θ2))
n∏
j=1
(θ1 − µhj + ic)(θ2 − µhj + ic)
(θ1 − µpj + ic)(θ2 − µpj + ic)
× det
[
I + 12iπUθ1
]
det
[
I + 12iπUθ2
]
det2
[
I − 12πK
] . (A.13)
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In these expressions, F denotes the shift function F (2.11), C[ν] is the rational Cauchy transform
of the function ν on [−q, q],
C[ν](λ) =
q∫
−q
dµ
2iπ
ν(µ)
µ− λ, (A.14)
whereas C0 is the following functional:
C0[ν] = −
q∫
−q
dλdµ
ν(λ) ν(µ)
(λ− µ− ic)2 . (A.15)
The integral kernel Uθ takes the form
Uθ(ω, ω
′) = −
n∏
a=1
(ω − µpa)(ω − µha + ic)
(ω − µha)(ω − µpa + ic)
e2iπC[F ](ω){Kκ(ω − ω′)−Kκ(θ − ω′)}
e2iπC[F ](ω+ic)(1− e−2iπF (ω)) . (A.16)
Remark A.2. The dependence on the particle/hole rapidities of Gn is twofold: explicitly in the
above expressions, and also in the shift function F . The latter is a holomorphic function of
{µpa} and {µha}, cf (2.14). Therefore, Gn is itself a holomorphic function of {µpa} and {µha}.
This function can, in fact, be understood as a functional G [̟n] of the function ̟n (4.14) (note
that the dependence in n is exclusively contained in ̟n). For this it is enough to observe that
F (λ) =
iβ
2π
Z(λ)−
∫
Γ(R)
dµ
2iπ
φ(λ, µ)̟n
(
µ
∣∣∣∣{µpa}{µha}
)
, (A.17)
where the contour Γ(R) surrounds the real axis counterclockwise, and that
n∏
a=1
ef(µpa )−f(µha ) = exp
{ ∫
Γ(R)
dλ
2iπ
f(λ)̟n
(
λ
∣∣∣∣{µpa}{µha}
)}
(A.18)
for any holomorphic functions f with a sufficiently mild growth at infinity on Γ(R). In particular,
we have
n∏
a,b=1
(µpa − µhb − ic)(µha − µpb − ic)
(µpa − µpb − ic)(µha − µhb − ic)
= exp
{
−
∫
Γ(R)
dλdµ
(2iπ)2
log(λ− µ − ic)̟n
(
λ
∣∣∣∣{µpa}{µha}
)
̟n
(
µ
∣∣∣∣{µpa}{µha}
)}
. (A.19)
Remark A.3. The explicit factor (1 − κ)2 in (A.13) stresses that, for generic configurations of
the parameters {µpa} and {µha}, Gn, considered as a function of β, has in general a zero of order
2 at β = 0. Note however that there exist some exceptions, in particular at the free fermion
point c = +∞, when G is identically 1 or, for general c, when the excited state coincides with
the ground state in the limit β → 0 (i.e. for n = 0). In the latter case, the limit can be taken
as in [45] and we obtain
lim
β→0
G0 = 1. (A.20)
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The study of the thermodynamic behavior of the factor D̂N (A.5) is slightly more technical.
Proceeding as in [43], one obtains that, for a n particle/hole excited state,
D̂N ({λj}, {µℓj}) =
(
L
2π
)−F 2(q)−F 2(−q)−2n
[2q p′(q)]−F
2(q)−F 2(−q) B˜[F ]
× Γ2
({pj} , {pj −N + F (µpj )} , {hj + F (µhj)} , {N + 1− hj − F (µhj)}
{pj −N} , {pj + F (µpj )} , {hj} , {N + 1− hj}
)
× det2n
[
1
µpj − µhk
] n∏
j=1
sin2[πF (µhj )] e
J [F ](µpj )−J [F ](µhj )
π2 p′(µpj ) p
′(µhj )
(
1 + O
(
logL
L
))
. (A.21)
The expression (A.21) is given in terms of the below functional of the shift function (2.14):
B˜[ν] = eC1[ν] G
2(1 + ν(q))G2(1− ν(−q))
(2π)ν(q)−ν(−q)
(A.22)
where G is the Barnes G function and
C1[ν] =
1
2
q∫
−q
dλdµ
ν ′(λ)ν(µ)− ν ′(µ)ν(λ)
λ− µ
+ ν(q)
q∫
−q
ν(q)− ν(λ)
q − λ dλ+ ν(−q)
q∫
−q
ν(−q)− ν(λ)
q + λ
dλ. (A.23)
We have also defined
J [F ](λ) = 2F (λ) log
[
λ− q
λ+ q
p(λ)− p(−q)
p(λ)− p(q)
]
+ J˜ [F ](λ), (A.24)
with
J˜ [ν](λ) = 2
q∫
−q
ν(µ)− ν(λ)
µ− λ dµ. (A.25)
Finally,
Γ
({ak}
{bk}
)
=
n∏
k=1
Γ(ak)
Γ(bk)
, (A.26)
with the prescription that, should some of the particles in (A.21) have their rapidities to the
left of the Fermi zone, the arguments of the Γ-functions have to be understood as limits
Γ(pk)
Γ(pk −N)
= lim
ǫ→0
Γ(pk + ǫ)
Γ(pk −N + ǫ)
. (A.27)
Note that in (A.21) the thermodynamic limit has only been taken partly. Indeed, since the
complete thermodynamic behavior of (A.21) depends on whether the corresponding particles
and holes remain or not at a finite distance from the Fermi boundaries. In the next subsection,
we particularize these expressions to the special form factors with one particle and one hole
which appear in the results (3.1), (3.2).
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A.3 Explicit value of the amplitudes
We collect here the explicit values of the non-universal amplitudes appearing in (3.1)-(3.2),
which correspond to the normalized one particle/hole form factors (3.5)-(3.9). They can be
easily obtained from the expressions (A.12)-(A.21) and read∣∣Fq−q∣∣2 = ∣∣F−qq ∣∣2
= −2p
2
F
π2
B˜[F q−q] eJ˜ [F q−q](q)−J˜ [F q−q](−q)
[2q p′(q)][F
q
−q(q)+1]
2+[F q−q(−q)+1]
2
Γ2
(
1 + F q−q(q)
)
Γ2
(
1 + F q−q(−q)
)
× ∂2β sin2
[
i
β
2
Z + πF q−q(−q)
]
G1
(
q
−q
)∣∣∣∣
β=0
= −2p
2
F
π2
B˜[F−qq ] eJ˜ [F−qq ](−q)−J˜ [F−qq ](q)
[2q p′(q)][F
q
−q(q)−1]
2+[F q−q(−q)−1]
2
Γ2
(
1− F−qq (q)
)
Γ2
(
1− F−qq (−q)
)
× ∂2β sin2
[
i
β
2
Z + πF−qq (q)
]
G1
(−q
q
)∣∣∣∣
β=0
, (A.28)
in terms of the shift functions F±q∓q (λ) = φ(λ,∓q)− φ(λ,±q) = ±Z(λ)∓ 1;
∣∣Fλ0ǫq ∣∣2 = −(p(λ0)− ǫpFλ0 − ǫq
)2(λ0 − q
λ0 + q
)2Fλ0ǫq (λ0) [2q p′(q)]−[Fλ0ǫq (q)]2−[Fλ0ǫq (−q)]2+2ǫFλ0ǫq (ǫq)
2π2 p′(λ0) p′(q)
× B˜[F λ0ǫq ] eJ˜ [Fλ0ǫq ](λ0)−J˜ [Fλ0ǫq ](ǫq) Γ2(1− ǫF λ0ǫq (ǫq))
× ∂2β sin2
[
i
β
2
Z + πF λ0ǫq (ǫq)
]
G1
(
λ0
ǫq
)∣∣∣∣
β=0
, (A.29)
in terms of the shift functions F λ0ǫq = φ(λ, ǫq)− φ(λ, λ0), with ǫ = ±1;
∣∣F ǫqλ0∣∣2 = −(p(λ0)− ǫpFλ0 − ǫq
)2(q − λ0
q + λ0
)−2F ǫqλ0(λ0) [2q p′(q)]−[F ǫqλ0(q)]2−[F ǫqλ0(−q)]2−2ǫF ǫqλ0(ǫq)
2π2 p′(λ0) p′(q)
× B˜[F ǫqλ0] eJ˜ [F ǫqλ0 ](ǫq)−J˜ [F ǫqλ0 ](λ0) Γ2(1 + ǫF ǫqλ0(ǫq))
× ∂2β sin2
[
i
β
2
Z(λ0) + πF
ǫq
λ0
(λ0)
]
G1
(
ǫq
λ0
)∣∣∣∣
β=0
, (A.30)
in terms of the shift functions F ǫqλ0 = φ(λ, λ0) − φ(λ, ǫq), with ǫ = ±1. We recall that the
functionals B˜ and J˜ are respectively given by (A.22) and (A.25), and that the expressions of
the dressing functions G1 are obtained through (A.12)-(A.13).
Remark A.4. For generic parameters, the β-derivatives will apply directly to the factor (1−κ)2
of G1 (see remark A.3). However, in the free fermion point c = +∞, they will apply on the sinus
squared, since in that case the corresponding shift functions vanish (and G1 ≡ 1). There may
exist other particular values of the parameters for which the shift function becomes an integer
but the overall expressions are anyway smooth (we may then have to apply the β-derivatives to
other factors such as the Barnes functions).
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B Study of a generalized free fermionic generating function
In this appendix, we consider the case of a generalized free-fermionic model for which the
effective generating function (5.3) can be represented as a finite-size determinant. Namely, we
suppose here that the shift function does not depend on the position of the roots parametrizing
the corresponding excited state and that the dressing function Gn is separated (which happens
in particular at the free fermion point c = +∞ of the NLS model).
More precisely, for a given counting function ξ̂ (for example the ground state counting
function of the NLS model), which defines a set of real parameters λj , j = 1, . . . , N by ξ̂(λj) =
j/L, we consider the functional
XN
[
ν,E2−
]
=
∑
ℓ1<···<ℓN
ℓj∈BL
N∏
j=1
E2−(λj)
E2−(µℓj)
·
N∏
j=1
sin2[πν(λj)]
π2L2 ξ̂′(λj) ξ̂′ν(µℓj )
·
[
detN
1
λj − µℓk
]2
, (B.1)
where E−1− and ν are holomorphic functions on some open neighborhood of R. The above
expression should be understood as follows:
• the function ξ̂ν is defined by ξ̂ν = ξ̂ − L−1ν;
• the multiple sum runs through all the possible choices of N -tuples of integers ℓ1 < · · · < ℓN
belonging to the set BL = {j ∈ Z | −wL < j < wL}, where wL ∼ L1+ǫ, ǫ > 0, is some
cut-off which goes to +∞ with L.
• for a given set of integers ℓj , the parameters µℓj are obtained as the pre-image of ℓj/L by
the function ξ̂ν . This means, in particular, that they depend on ν.
Moreover, we restrict our study those functions ν that make ξ̂ν a "good" counting function (i.e.
ensuring a one-to-one correspondence between the rapidities and the integers).
Proposition B.1. The functional XN
[
ν,E2−
]
can be recast as the following finite size determi-
nant:
XN
[
ν,E2−
]
= detN
[
δjk +
V (L)(λj, λk)
L ξ̂′(λk)
]
. (B.2)
The corresponding finite-size kernel is given as
V (L)(λ, µ) = 4
sin[πν(λ)] sin[πν(µ)]
2iπ(λ − µ)
{
E
(L)
+ (λ)E−(µ)− E(L)+ (µ)E−(λ)
}
, (B.3)
where
E
(L)
+ (λ) = iE−(λ)

BL∫
AL
upslope
dµ
2π
E−2− (µ)
µ− λ +
E−2− (λ)
2
cot[πν(λ)] + IL
[
ν,E−2−
]
(λ)
 , (B.4)
In this expression, the last term IL
[
ν,E−2−
]
(λ) corresponds to the integral
IL
[
ν,E−2−
]
(λ) =
∫
C↑
dz
2π
E−2− (z)
z − λ
1
1− e−2iπLξ̂ν(z)
+
∫
C↓
dz
2π
E−2− (z)
z − λ
1
e2iπLξ̂ν (z) − 1
. (B.5)
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Finally, the integration endpoints AL and BL are such that Lξ̂ν(AL) = −wL−1/2 and Lξ̂ν(BL) =
wL + 1/2, and C↑/↓ are some oriented contours, included in the joint domain of holomorphy
of ν and E−1− . Theses contours join the points AL and BL through the upper/lower half plane
respectively, it has been depicted on Fig. 1.
b b
AL BL
C↑
C↓
Figure 1: Contour C↑/↓.
Proof — The summand in (B.1) is a symmetric function of the N summation variables µℓj
which vanishes on the diagonals ℓj = ℓk, j 6= k. Therefore, we can replace the summation over
the fundamental simplex ℓ1 < · · · < ℓN in the N th power cartesian product BNL by a summation
over the whole space BNL , provided that we divide the result by N !. The summation domain
being now symmetric, we can invoke the antisymmetry of the determinants so as to replace
one of the Cauchy determinants by N ! times the product of its diagonal entries. This last
operation produces a separation of variables, which enables us to recast the result into a single
determinant by introducing the sum over ℓj into the j
th line of the determinant:
XN
[
ν,E2−
]
=
N∏
j=1
4 sin2[πν(λj)]
ξ̂′(λj)
· detN M, (B.6)
with
Mjk = δj,k
∑
ℓ∈BL
E2−(λj) · E−2− (µℓ)
4π2L2 ξ̂′ν(µℓ) (µℓ − λj)2
+ (1 − δj,k)
∑
ℓ∈BL
E2−(λj) ·E−2− (µℓ)
4π2L2 ξ̂′ν(µℓ) (λj − λk)
[
1
µℓ − λj −
1
µℓ − λk
]
. (B.7)
The above discrete sums can be expressed in terms of Hilbert transforms (plus corrections that
vanish in the L→ +∞ limit). Indeed,∑
ℓ∈BL
E−2− (µℓ)
2πL ξ̂′ν(µℓ)(µℓ − λ)
=
−iE−2− (λ)
e2iπL ξ̂ν(λ) − 1
+
∫
C↑∪C↓
E−2− (z) dz
2π(z − λ)(e2iπL ξ̂ν(z) − 1)
=
−iE−2− (λ)
e2iπL ξ̂ν(λ) − 1
−
∫
C↑
E−2− (z) dz
2π(z − λ) + IL
[
ν,E−2−
]
(λ)
=
BL∫
AL
upslope
E−2− (z) dz
2π(z − λ) −
E−2− (λ)
2
cot
[
πLξ̂ν(λ)
]
+ IL
[
ν,E−2−
]
(λ). (B.8)
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Differentiating the above expression with respect to λ leads to
∑
ℓ∈BL
E−2− (µℓ)
2πL ξ̂′ν(µℓ)(µℓ − λ)2
=
∂
∂λ
BL∫
AL
upslope
E−2− (z) dz
2π(z − λ) −
∂λE
−2
− (λ)
2
cot
[
πLξ̂ν(λ)
]
+
E−2− (λ)πLξ̂
′
ν(λ)
2 sin2[πLξ̂ν(λ)]
+ ∂λIL
[
ν,E−2−
]
(λ). (B.9)
By applying (B.8), (B.9) in (B.7), and using the fact that Lξ̂ν(λj) = Lξ̂(λj)−ν(λj) = j−ν(λj),
we obtain
Mjk = δj,k
ξ̂′(λj)
4 sin2[πν(λj)]
+
E−(λj)
E−(λk)
E
(L)
+ (λj)E−(λk)− E(L)+ (λk)E−(λj)
2iπL(λj − λk)
=
E−(λj)
E−(λk)
· ξ̂
′(λk)
4 sin[πν(λj)] sin[πν(λk)]
{
δj,k +
V (L)(λj , λk)
L ξ̂′(λk)
}
, (B.10)
in which E
(L)
+ is given by (B.4). Note that we recovered the derivative of the λ-type counting
function ξ̂ thanks to the identity ξ̂ν = ξ̂ − L−1ν. This ends the proof of the proposition.
Let us now suppose that, in the thermodynamic limit L,N → +∞ with N/L → D (D
finite), the roots λj condensate on some symmetric interval [−q, q] of the real axis with the
density ρ(λ) = limL,N→∞ ξ̂
′(λ) of the NLS model. Let us moreover suppose that, in this limit,
the counting function ξ̂ν takes the form (2.17) in terms of the dressed momentum p(λ) of the
NLS model. We demand in addition that logE−2− has at most a polynomial growth in λ when
ℜ(λ) → ±∞. Then the thermodynamic limit of XN
[
ν,E2−
]
is well defined and given by the
following Fredholm determinant:
lim
M,N→∞
XN
[
ν,E2−
]
= det[−q,q][I + V ] (B.11)
with kernel
V (λ, µ) = 4
sin[πν(λ)] sin[πν(µ)]
2iπ(λ − µ)
{
E+(λ)E−(µ)− E+(µ)E−(λ)
}
. (B.12)
Here, the function E+(λ) reads
E+(λ) = iE−(λ)

∫
R
upslope
dµ
2π
E−2− (µ)
µ− λ +
E−2− (λ)
2
cot[πν(λ)]
 . (B.13)
Indeed, it follows from the form (2.17) of the counting function ξ̂ν that AL and BL tend
respectively to −∞ and +∞ in the thermodynamic limit. Moreover, it can easily be shown that
IL[ν,E
2
−] = O(L
−1). The thermodynamic limit of XN [ν,E
2
−] is therefore a direct consequence
of the fact that detN [δkℓ + o(L
−1)]→ 1, whenever the o(L−1) symbol is uniform in the entries.
C Functional Translation operator
In this appendix, we provide a heuristic approach to the notion of functional translation operator
that we use in Section 5.2 to express our highly coupled form factor series in terms of a decoupled
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one. As we will see, such an object is in fact a convenient tool to manipulate generalized multi-
dimensional Lagrange series (see Appendix C of [45]). We refer to [59] for a more explicit and
rigorous construction.
The notion of one-dimensional translation operator, which acts on some holomorphic func-
tion g as
eα∂ω · g(ω)∣∣
ω=0
=
∑
n≥0
αn
n!
g(n)(0) = g(α), (C.1)
can easily be extended to the multidimensional case:
s∏
p=1
eαp∂ωp · gs(ω1, . . . , ωs)
∣∣
ωp=0
= gs(α1, . . . , αs). (C.2)
By analogy, we can thus define a translation operator acting on functionals as
Tγ · U [τ ]
∣∣
τ=0
= exp

∫
C
dω γ(ω)
δ
δτ(ω)
U [τ ]∣∣∣τ=0 = U [γ]. (C.3)
Here, the integral is taken on a contour C (typically, an interval of the real axis), and U is a
functional acting on holomorphic functions defined on a neighborhood U of C.
Formula (C.3) can be understood as the result of the action of finite dimensional transla-
tion operators on a finite dimensional approximation of U . More precisely, let us consider a
discretization t1, . . . , ts of C and a collection of holomorphic functions Us({zi}si=1) such that, for
any holomorphic function γ, Us({γ(ti)}si=1) −→s→+∞ U [γ]. Then, we can represent the translation
operator in terms of limits of the finite variable case:
Tγ · U [τ ]
∣∣
τ=0
= lim
s→+∞
s∏
p=1
exp
{
γ(tp)
∂
∂τ(tp)
}
Us
({τ(tk)}s1)∣∣∣
τ=0
. (C.4)
Such discretizations allow us to compute the action of more complicated translation opera-
tors. Let us define, as in Section 5.2, the operator ordered version : O : of some expression O
containing functional derivatives of the type δ/δτ(λ) (such as in (C.3)) as being the expression
where all functional derivative operators are placed on the left (in each term of the Taylor
series expansion of O). Then, let us consider, for some functionals Γ and U , the following
generalization of (C.3):
L = : exp
{∫
C
Γ[τ ](µ)
δ
δτ(µ)
dµ
}
U [τ ] :
∣∣∣
τ=0
(C.5)
≡
+∞∑
n=0
1
n!
∫
C
dnµ
n∏
i=1
δ
δτ(µi)
·
{
n∏
p=1
Γ[τ ](µp) U [τ ]
}∣∣∣∣∣
τ=0
. (C.6)
After discretization one gets
L = lim
s→+∞
Ls (C.7)
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with
Ls = :
s∏
p=1
exp
{
Γs({τk}s1)(τp) ∂τp
}
Us({τk}s1)
∣∣∣
τk=0
: (C.8)
≡
+∞∑
n1,...,ns
=0
s∏
ℓ=1
∂nℓτℓ
nℓ!
·
{
s∏
p=1
Γ
np
s ({τk})(τp) Us({τk})
}∣∣∣∣∣
τk=0
, (C.9)
in which we have set τk ≡ τ(tk). The last series is a multi-dimensional Lagrange series which
can be computed as
Ls = Us({ν(tk)})
dets
[
δjk − ∂τkΓs({τℓ})(tj)
]
τk=ν(tk)
, (C.10)
where ν(tk), k = 1, . . . , s, are obtained as the solutions of the system ν(tk) = Γs({ν(tℓ)})(tk),
k = 1, . . . , s. The s→ +∞ limit can be taken, at least formally. It yields
L = U [ν]
detC
[
I − δ
δτ(µ)
Γ[τ ](λ)
]
τ=ν
, (C.11)
in which ν is the solution to the equation
ν(µ) = Γ[ν](µ). (C.12)
D The Master equation issued-like series representation
In this appendix we obtain, starting from (5.12)-(5.14), an alternative series representation for
QκN (x, t)eff . This representation is in the spirit of the series obtained in [45] for the equal-time
correlation functions.
D.1 The finite-size series
Expanding the determinant in (5.12) into its finite Fredholm series (this expansion is an imme-
diate consequence of the Laplace expansion for determinants), we obtain:
QκN (x, t)eff = e−
βpF
π
x
:
N∏
j=1
Ê2−(µ¯j)
Ê2−(λj)
N∑
n=0
1
n!
N∑
i1,...,in=1
n∏
s=1
1
Lξ̂′(λis)
detn
[
V̂ (L)(λij , λik)
]
G [ω] :
∣∣∣
τ=0
ω=0
,
(D.1)
in which Vˆ (L)(λ, µ) is given by (5.13). It is convenient to use the analytic properties of the
operator valued mappings Ê
(L)
+ and Ê− so as to re-cast this finite-size kernel V
(L) into a more
compact contour integral representation:
V̂ (L)(λ, µ) = 4 sin[πντ (λ)] sin[πντ (µ)] Ê−(λ) Ê−(µ)
∮
Cq
dz
(2iπ)2
Ê
(L)
+ (z) Ê
−1
− (z)
(z − λ)(z − µ) , (D.2)
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where Cq surrounds [−q, q] (see Fig. 2), λ, µ ∈ [−q ; q ] and
Ê
(L)
+ (z) Ê
−1
− (z) = i
∫
C (L)
dy
2π
f (L)(y, ντ (y))
y − z Ê
−2
− (y). (D.3)
In this last expression the contour C (L) = C
(L)
E ∪C˜q∪C↑∪C↓ consists of a union of four contours.
Two of them, C↑/↓, are as depicted in Fig. 1, and the remaining two, C
(L)
E ∪ C˜q, appear in Fig. 2.
In particular, the contour C˜q encircles the contour Cq of (D.2), which enables us to recast the
integral kernel V̂ (L)(λ, µ) in a more compact form. The integrand in (D.3) involves the function
f (L)(y, ντ (y)) = 1
C
(L)
E
(y)−
1
C˜q
(y)
e−2iπντ (y) − 1 +
1C↓(y)
e2iπLξ̂ντ (y) − 1
+
1C↑(y)
1− e−2iπLξ̂ντ (y)
. (D.4)
b b b b
−q q
ÂL B̂L
C˜q
Cq
C
(L)
E
Figure 2: Contours C
(L)
E , Cq and C˜q. The endpoints ÂL and B̂L are such that Lξ̂ντ (ÂL) =
−wL − 1/2 and Lξ̂ντ (B̂L) = wL + 1/2.
Factorizing the integrals over z (D.2) out of the determinant in (D.1) and then using the
symmetry of the summand in order to reconstruct a second Cauchy determinant, we get
QκN (x, t)eff = e−
βpF
π
x
:
N∏
ℓ=1
Ê2−(µ¯ℓ)
Ê2−(λℓ)
N∑
n=0
1
(n!)2
N∑
i1,...,in=1
n∏
s=1
{
4 sin2[πντ (λis)]
Lξ̂′(λis)
Ê2−(λis)
}
×
∮
Cq
dnz
(2iπ)2n
∫
C (L)
dny
(−2iπ)n
n∏
s=1
{
f (L)(ys, ντ (ys))
ys − zs Ê
−2
− (ys)
}
· det2n
[
1
zj − λik
]
G [ω] :
∣∣∣∣
τ=0
ω=0
.
(D.5)
Since
Ê2− = e
−ixu−ĝτ−ĝω , (D.6)
it remains to compute the effect of the two types of functional translation operators occuring
in (D.5). We start by taking the ω-translation into account, namely
n∏
a=1
eĝω(ya)
eĝω(λia )
N∏
a=1
eĝω(λa)
eĝω(µ¯a)
· G [ω]
∣∣∣
ω=0
= G
[
̟N+n
(
·
∣∣∣∣ {λj}N1 ∪ {ys}ns=1{µ¯j}N1 ∪ {λis}ns=1
)]
= GN
({λj}N1 \ {λis}ns=1 ∪ {ys}ns=1
{µ¯j}N1
)
. (D.7)
Above, we have first computed the action of the translation operators according to (5.4), then
used the equality (4.13). We should now compute the action of the second set of translation
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operators involving ĝτ . Since the parameters µ¯ℓ ≡ µ¯ℓ[ντ ] = ξ̂−1ντ (ℓ/L), ℓ = 1, . . . , N , at which the
ĝτ are evaluated, are themselves functionals of τ , we should take care of the operator ordering.
The expression we have to compute is of the type:
:
N∑
n=0
1
(n!)2
N∑
i1,...,in=1
∮
Cq
dnz
(2iπ)2n
∫
C (L)
dny
(−2iπ)n exp
{∫
R
Γ{ia}[τ ](ω)
δ
δτ(ω)
dω
}
· R(n){ia}
({ys}n1
{zs}n1
)
[ντ ] :
∣∣∣∣
τ=0
, (D.8)
in which R(n){ia} is a smooth functional of ντ that, moreover, depends on the integration variables
{ys} and {zs}, and the functional Γ{ia}[τ ](λ) driving the functional translation reads
Γ{ia}[τ ](λ) =
N∑
ℓ=1
[φ(λ, µ¯ℓ[ντ ])− φ(λ, λℓ)] +
n∑
s=1
[φ(λ, λis)− φ(λ, ys)] . (D.9)
According to Appendix C (see (C.5)), computing the action of a functional translation operator
with weigths Γ{ia}[τ ](λ) as above amounts to summing up a multi-dimensional Lagrange series.
In our case, the result is obtained by replacing the functional argument ντ of R(n){ia} by the
function ν̂r, in which r̂ is the solution to the non-linear functional equation r̂(t) = Γ{ia}[ r̂ ](t), and
then by dividing the obtained expression by the corresponding functional Jacobian J{ia}[ r̂ ] =
detR
[
I − δΓ{ia}[τ ](λ)/δτ(λ)
]∣∣
τ=r̂
(see (C.11)).
Finally, QκN (x, t)eff admits the following representation:
QκN (x, t)eff = e−
βpF
π
x
N∑
n=0
1
(n!)2
N∑
i1,...,in=1
∮
Cq
dnz
(2iπ)2n
∫
C (L)
dny
(−2iπ)n
e
ixU
(L)
{ia}
({λa},{µ¯a},{ys})
J{ia}[ r̂ ]
×
n∏
s=1
{
4 sin2[πν̂r(λis)]
Lξ̂′(λis) (ys − zs)
f (L)(ys, ν̂r(ys))
}
× det2n
[
1
zj − λik
]
GN
({λj}N1 \ {λis}ns=1 ∪ {ys}ns=1
{µ¯j [ν̂r]}N1
)
. (D.10)
In (D.10), we have set
U (L){ia}({λa}, {µ¯a[ν̂r]}, {ys}) =
N∑
ℓ=1
[u(λℓ)− u(µ¯ℓ[ν̂r])] +
n∑
s=1
[u(ys)− u(λis)] (D.11)
and explicitly insisted on the fact that µ¯ℓ ≡ µ¯ℓ[ν̂r], ℓ = 1, . . . , N , are now functionals of the
solution r̂ to r̂(t) = Γ{ia}[ r̂ ](t).
D.2 Taking the thermodynamic limit
For finite N , (D.10) gives a rather implicit representation. We are however interested in com-
puting the thermodynamic limit L,N → +∞ of this expression (in fact it is only in this limit
that the effective series (D.10) is supposed to coincide with the original form factor series (4.8)).
In this limit of interest (D.10) can be considerably simplified.
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In particular, the non-linear functional equation r̂(t) = Γ{ia}[ r̂ ](t) for r̂ turns into a linear
integral equation for r(t), with r̂(t) −→
N,L→∞
r(t):
r(t) = νr(t)− iβZ(t)
2π
=
q∫
−q
∂2φ(t, λ) νr(λ) dλ+
n∑
s=1
[φ(t, λis)− φ(t, ys)]. (D.12)
Indeed, in the thermodynamic limit, the Bethe roots λj for the ground state condensate on
[−q, q] with the density ρ(λ), whereas the parameters µ¯j[ν̂r] (defined in terms of the counting
function ξ̂νr̂), are shifted with respect to the λj’s according to:
µ¯j [ν̂r]− λj =
νr(λj)
Lρ(λj)
+ O(L−2) , j = 1, . . . , N. (D.13)
Above, we have denoted the thermodynamic limit of the function ν̂r by νr. The linear integral
equation (D.12) is readily solved as soon as one observes that the derivative ∂2φ of the dressed
phase (2.12) with respect to its second variable is actually related to the resolvent R of the Lieb
kernel (∂2φ(t, λ) = −R(t, λ), with (I −K/2π)(I +R) = I):
νr(t) = i
β
2π
+
1
2π
n∑
s=1
[θ(t− λis)− θ(t− ys)]. (D.14)
It also follows from (D.12) that the Jacobian of the transformation (see (C.11)) is simply given
by
J = det[−q,q]
[
I − ∂2φ
]
= det−1[−q,q]
[
I − K
2π
]
. (D.15)
The expression (D.14) for the thermodynamic limit of ν̂r(t) along with the estimations for
the shift (D.13) of the parameters µ¯j [ν̂r] with respect to the λj’s allows one to compute the
thermodynamic limit of U (L){ia}({λa}, {µ¯a}, {ys}). Namely,
U (L){ia}({λa}, {µ¯a}, {ys}) −→N,L→∞ −
q∫
−q
u′(λ) νr(λ) dλ+
n∑
a=1
u(ya)− u(λia)
= −iβpF
π
+
n∑
a=1
[u0(ya) − u0(λia)]. (D.16)
To obtain this limit, we have used the definitions (2.15)-(2.16) of ε and p so as to re-cast the
expressions involving integrals of u = p− tε/x in terms of u0 = p0 − tε0/x.
The thermodynamic limit of GN can be computed along the lines of [43]. Indeed, one has
F
(
λ
∣∣∣∣ {λj}N1 ∪ {ys}ns=1{µ¯j}N1 ∪ {λis}ns=1
)
−→
N,L→∞
νr (λ) . (D.17)
The latter implies that
N∏
j=1
ω − µ¯j + iǫc
ω − λj + iǫc · e
−2iπC[F ](ω+iǫc) −→
N,L→∞
1 , for ǫ ∈ {±1, 0} . (D.18)
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By applying identity (D.18) to the various products entering in the definition of GN , one can
convince oneself that
det[−q,q]
[
I −K/2π] N∏
s=1
4 sin2[πνr(λis)] GN
({λj}N1 \ {λis}ns=1 ∪ {ys}ns=1
{µ¯j}N1
)
−→
N,L→∞
n∏
s=1
[
1− κV−
V+
(
λis
∣∣∣∣ {λia}n1{ya}n1
)]
· Fn
({λia}n1
{ys}n1
)
. (D.19)
Above, we have set
V±
(
µ
∣∣∣∣∣ {λj}Nj=1{zj}Nj=1
)
=
N∏
a=1
ic∓ (µ− λa)
ic ∓ (µ− za) , (D.20)
and, agreeing that the auxiliary arguments of V± are undercurrent by those of Fn,
Fn
({λs}n1
{ys}n1
)
=
(1− κ)2
det[I −K/2π]
n∏
s=1
[
1− V+(λs)
κV−(λs)
] 2∏
j=1
{
V−(θj) detn
[
δjk + V̂
(θj)
jk
]
1− κV−(θj)/V+(θj)
}
×
n∏
a,b=1
(ya − λb − ic) (yb − λa − ic)
(ya − yb − ic) (λb − λa − ic) , (D.21)
with
V̂
(θ)
kℓ = −
n∏
s=1
(λk − ys)
n∏
s=1
6=k
(λk − λs)
Kκ(λk − λℓ)−Kκ(θ − λℓ)
V −1− (λk)− κV −1+ (λk)
. (D.22)
It only remains to deal with the y-integrations over C (L). In this limit, the integrals over
C↑/↓ give vanishing contributions and hence the y-type integration contour boils down to the
contour C = C
(∞)
E ∪ C˜q with a weight function that now reads
f(y, νr (y)) = 1
C
(∞)
E
(y)−
1
C˜q
(y)
e−2iπνr(y) − 1 . (D.23)
The contour C
(∞)
E corresponds to the L→ +∞ limit of the contour C (L)E depicted on Fig. 2.
Therefore, in the thermodynamic limit, QκN (x, t)eff −→
N,L→∞
Qκ(x, t), with
Qκ(x, t) =
+∞∑
n=0
(−1)n
(n!)2
q∫
−q
dnλ
(2iπ)n
∮
Cq
dnz
(2iπ)n
∫
C
dny
(2iπ)n
n∏
a=1
eix[u0(ya)−u0(λa)]
×
n∏
s=1
{
f(ys, νr(ys))
ys − zs
[
1− κV+
V−
(
λs
∣∣∣∣ {λa}{ya}
)]}
det2n
[
1
zj − λk
]
Fn
({λa}
{ya}
)
. (D.24)
Here, we remind that νr is given by (D.14) and is a function of {ys} and {λj}.
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D.3 The equal-time case
We now show that in the equal-time case, one recovers the series obtained from the master
equation in [45]. This stems from the fact that, at t = 0, the y-integrals over C
(∞)
E do not
contribute. Indeed, when t = 0, we can deform the contour C
(∞)
E into R + iδ, with δ > 0 and
small but such that the line R+ iδ is above C˜q.
In order to prove this assertion, we first build on the symmetries of the integrand in (D.24)
so as to split the y-integrations into those along R+iδ (ya, a = 1, . . . , k) and those along C˜q (ya,
a = k + 1, . . . , n), with k = 1, . . . , n. The integrals over C˜q can then be computed by residues.
One eventually obtains
Qκ(x, 0) =
+∞∑
n=0
n∑
k=0
(−1)k
n! k!(n− k)!
q∫
−q
dnλ
(2iπ)n
∮
Cq
dnz
(2iπ)n
∫
R+iδ
dky
(2iπ)k
n∏
a=k+1
eix[za−λa]
k∏
a=1
eix[ya−λa]
ya − za
× det2n
[
1
zj − λk
] n∏
s=1
[
1− κV−
V+
(
λs
∣∣∣∣ {λa}n1{ya}k1 ∪ {za}nk+1
)]
n∏
a=k+1
[
κ
V−
V+
(
za
∣∣∣∣ {λa}n1{ya}k1 ∪ {za}nk+1
)
− 1
] Fn( {λa}n1{ya}k1 ∪ {za}nk+1
)
.
(D.25)
When considered as a function of y1, . . . , yk, the integrand in (D.25) has no poles (or even
other singularities) in the half-planes ℑ (yk) ≥ δ. Indeed, no poles can arize from the θj
dependent terms in Fn in as much as this function does not depend on θj , cf [45]. Also the
potential singularities of the determinants at the zeroes of 1− κ(V−/V+)(λa) are only apparent
due to the presence of the pre-factors
∏
s[1−κ−1(V+/V−)(λs)][1−κ(V−/V+)(λs)] distributed in
between (D.21) and (D.25). The potential poles at ya = λb± ic introduced by these pre-factors
are cancelled by the zeroes of the double product in the last line of (D.21). In its turn, the
poles in the upper-half plane at ya = zs + ic, with a = 1, . . . , k and s = k + 1, . . . , n, that are
introduced by the double product in (D.21), are compensated10 by the same poles present in∏n
s=k+1[1−κ(V−/V+)(zs)]. Therefore the only singularities in the y variables correspond to the
zeroes of
κ
V+
V−
(
zs
∣∣∣∣ {λa}n1{ya}k1 ∪ {za}nk+1
)
− 1 . (D.26)
However, one can always squeeze the z-integration contours in (D.25) so that ℑ(za) = 0±,
a = 1, . . . , n. In such a situation, it is readily seen that for ya ∈ R+ iδ, δ > 0, one has∣∣∣∣κV+V−
(
λs
∣∣∣∣ {λa}n1{ya}k1 ∪ {za}nk+1
)∣∣∣∣ > 1 . (D.27)
In other words, the aforementioned equation has no solutions in the upper half-plane. This lack
of singularities allows one to simultaneously deform the y-integration contours from R + iδ to
R+ i∆, with ∆ > 0 and as large as desired. Due to the presence of the oscillatory factors eixya ,
these integrals will contribute as e−∆x. Therefore, by sending ∆ → +∞, we see that these
contributions vanish.
10The poles at ya = zs − ic lying in the lower half-plane are not explicitly compensated but this is irrelevant
for our purposes
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We have thus proven that, in the t = 0 case, the series of multiple integral representation
for Qκ(x, 0) boils down to
Qκ(x, 0) =
N∑
n=0
(−1)n
(n!)2
q∫
−q
dnλ
(2iπ)n
∮
Cq
dnz
(2iπ)n
n∏
s=1
eix(zs−λs) det2n
[
1
zj − λk
]
Fn
({za}
{λa}
)
×
n∏
s=1
1− κV−
V+
(
λs
∣∣∣∣ {λa}{za}
)
1− κV−
V+
(
zs
∣∣∣∣ {λa}{za}
) . (D.28)
In order to prove our assertion, it remains to show that the last line in (D.28) does not contribute
once that the z-integrals are taken. In virtue of the symmetry of the integrand, one can
replace one of the Cauchy determinants by n! times the products of its diagonal entries. By
expanding the remaining Cauchy determinant into a sum over permutations, one sees that
one has to compute double poles at zpk = λpk with p1 < · · · < pℓ with pi ∈ {1, . . . n} and
1 < ℓ < n. All other poles will be simple, leading to the equality between the two sets
{za}a6=pk = {λa}a6=pk . These double poles will produce first order derivatives with respect to
zpk at zpk = λpk . Therefore, the effect of these double poles can be taken into account by
setting11 za = λa for a 6= pk, k = 1, . . . , ℓ, and zpk = λpk + ǫpk , and then taking the first order
ǫpk -derivatives of the obtained expression at ǫpk = 0. As a consequence, only the linear in each
ǫpk order of the integrand will contribute. However, under such a substitution, one can readily
convince oneself that
n∏
s=1
1− κV−
V+
(
λs
∣∣∣∣{λa}{za}
)
1− κV−
V+
(
zs
∣∣∣∣{λa}{za}
) = ℓ∏
s=1
{
1 +
iκ
κ−1
ℓ∑
k=1
ǫpsǫpkK
′(λps − λpk) + O(ǫ2pk)
}
= 1 +O(ǫ2pk).
The linear order in the ǫpk ’s vanishes. Therefore, we are led to
Qκ(x, 0) =
N∑
n=0
(−1)n
(n!)2
q∫
−q
dnλ
(2iπ)n
∮
Cq
dnz
(2iπ)n
n∏
s=1
eix(zs−λs) det2n
[
1
zj − λk
]
Fn
({za}
{λa}
)
. (D.29)
Once upon taking the complex conjugate we recover, word for word, the series obtained in [45].
Remark D.1. Note that our conventions correspond to x 7→ −x with respect to the work [45].
E Controlling sub-leading corrections: the Natte series repre-
sentation
The Natte series representation for the Fredholm determinant det[I + V ] is obtained [60] from
a specific representation of the solution to the Riemann–Hilbert problem associated with the
integrable integral operator I + V . As this particular representation for the solution of the
Riemann–Hilbert problem is obtained by a series of contour deformations on the so-called initial
Riemann–Hilbert problem associated with the integral operator I + V , it can be seen that the
11The integrand is symmetric with respect to the integration variables za and λa.
39
Natte series stems from a certain number of algebraic transformations12 carried out on the
initial Fredholm series for the determinant. This fact allows one, at least on the formal ground,
to use this Natte series representation in (6.5). The rigorous justification of the possibility to
use the Natte series is given in [59].
E.1 The formula for the remainder
In fact, the Natte series corresponds to a representation of the remainder Rx[ν, u, g]. The latter
is expressed as a series of multiple integrals. The integrands appearing in this series have good
properties with respect to the large-x limit.
More precisely, the Natte series for the sine kernel (6.2) takes the following form:
Rx[ν, u, g] =
∑
n≥1
∑
Kn
∑
En(k)
∫
C{ǫt
}
dnzt
(2iπ)n
Hn;x({ǫt}, {zt})[ν]
∏
t∈J(k)
eǫtg(zt) . (E.1)
The second sum appearing above runs through all the n-tuples k belonging to
Kn =
{
k = (k1, . . . , kn) : ka ∈ N , a = 1, . . . , n and such that
n∑
s=1
sks = n
}
. (E.2)
For each element k of Kn, one defines the associated set of triplets J(k) (with cardinal n),
J(k) =
{
t = (t1, t2, t3) , t1 ∈ [[ 1 ; n ]] , t2 ∈ [[ 1 ; kt1 ]] , t3 ∈ [[ 1 ; t1 ]]
}
, (E.3)
which provides a convenient way of labelling sets of n variables. The third sum runs through
all the possible choices of elements belonging to the set
En(k) =
{
{ǫt}t∈J(k) : ǫt ∈ {±1, 0} and
t1∑
t3=1
ǫt = 0 ∀(t1, t2) ∈ [[ 1 ; n ]]× [[ 1 ; kt1 ]]
}
.
In other words, En(k) consists of sets of n parameters ǫt ∈ {±1, 0}, indexed by triplets t =
(t1, t2, t3) ∈ J(k) and subject to summation constraints. Finally, there is an n-fold integral
appearing in the nth summand of (E.1). The integration variables zt are, again, indexed by the
triplets t = (t1, t2, t3) of J(k). The contours of integration C{ǫt} depend on the set {ǫt} ∈ En(k).
They are realized as n-fold Cartesian products of one-dimensional compact curves corresponding
to various deformations of R.
The integrand Hn;x({ǫt} ; {zt})[ν] is a smooth functional of ν which is also a function of
the integration variables zt. This functional depends on the choice of the parameters {ǫt} from
En(k) and on x. It is a holomorphic function of the integration variables {zt} belonging to some
open neighborhood of the integration contour C{ǫt}.
The Natte series converges for x large enough in as much as, for n large,∣∣∣∣∣
∫
C{ǫt}
dnzt
(2iπ)n
Hn;x({ǫt} , {zt})[ν]
∏
t∈J(k)
eǫtg(zt)
∣∣∣∣∣ ≤ c2 (c1x )nc3 , (E.4)
12Such as contour deformations or algebraic summations.
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where c1 and c2 are some constants depending on the values taken by u and g in some small
neighborhood of R and on the values taken by ν on a small neighborhood of [−q, q]. The
constant c3 > 0 only depends on ν.
Finally, one has H1;x = O(x
−∞) and, for n ≥ 2,
Hn;x({ǫt}, {zt})[ν] = O(x−∞)+
[n/2]∑
b=0
b∑
p=0
[n/2]−b∑
m=b−[n2 ]
(
eix[u(λ0)−u(−q)]
x2[ν(−q)]
)αb(
eix[u(q)−u(−q)]
x2[ν(q)+ν(−q)]
)m−αp
× 1
xn−
b
2
· Hm,p,bn;x ({ǫt} , {zt})[ν] , (E.5)
where, for all admissible values of m, b, p,
Hm,p,bn;x ({εt} , {zt})[ν] = O(xnw˜−δn,2) (E.6)
uniformly on the integration contour. Above, we have set
w˜ = 2 sup
{
|ℜ [ν(z)− ν(τq)]| : |z − τq| ≤ δ , τ = ±
}
, (E.7)
where δ > 0 can be taken as small as desired. These functions Hm,p,bn;x ({εt} , {zt}) [ν] are such
that their asymptotic expansion into inverse powers of x possesses poles that are encircled by the
part of the contour C{ǫt} producing algebraic (in x large enough) contribution to the integral.
As a consequence, the n-fold integration occurring in the nth term of the series can produce z
derivatives. It was shown in [60] that the total order of these derivative is at most n. Once that
these derivatives are taken, the estimates in (E.6) change from O(xnw˜−δn,2) to O(x−δn,2 logn x).
E.2 The Natte series for the determinant
We now use the Natte series representation (E.1) for the remainder Rx[ν, u, ĝ] to prove that
the subleading corrections appearing in the large-x asymptotic behavior of the (non operator-
dependent) Fredholm determinant and included in Rx[ν, u, g] still remain corrections with re-
spect to the leading terms once that one computes the action of the functional translation
operators. By expanding the Fredholm determinant in (6.5) into its Natte series, we obtain
Qκ(x, t) = e−βxpFπ :
{
Bx[ντ , u] +
∑
ǫ=±1
eiǫx[u(q)−u(−q)]+ǫ[ĝ(q)−ĝ(−q)] Bx[ντ + ǫ, u]
+
1
x
3
2
∑
ǫ=±1
eiαx[u(λ0)−u(ǫq)]+α[ĝ(λ0)−ĝ(ǫq)] b
(ǫ,α)
1 [ντ , u] Bx[ντ , u]
+
∑
n≥1
∑
Kn
∑
En(k)
∫
C{ǫt}
dnzt
(2iπ)n
∏
t∈J(k)
[
eǫtĝ(zt)
]
Hn;x({ǫt}, {zt})[ντ ] Bx[ντ , u]
}
· G [ω] :
∣∣∣∣∣
ω=0
τ=0
.
(E.8)
Note that in (E.8), we have already simplified the two exponents. Also, we remind that α = 1
in the space-like regime and α = −1 in the time-like regime. The action of the translation
operators occuring in the first two lines has already been computed in Section 6.3. In order to
compute this action in the last line of (E.8), it is convenient to introduce the notations
a{ǫt} = #{t : ǫt = 1} and {z±t } = {zt : t ∈ J(k) such that ± ǫt > 0} . (E.9)
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It then readily follows that∏
t∈J(k)
[
eǫtĝω(zt)
] · G [ω]∣∣∣
ω=0
= Ga{ǫt}
({z+
t
}
{z−
t
}
)
, (E.10)
and
:
∏
t∈J(k)
[
eǫtĝτ (zt)
] ·Hn;x({ǫt}, {zt})[ντ ] Bx[ντ , u] : ∣∣∣
τ=0
= Hn;x({ǫt}, {zt})[F{ǫt}] Bx[F{ǫt}, u]. (E.11)
Note that, in order to obtain (E.10), we have used the fact that ǫt ∈ {±1, 0} for all t ∈ J(k)
and that these parameters are subject to the condition
∑
t∈J(k) ǫt = 0. As a consequence,
#{z+
t
} = #{z−
t
}. Also we have set
F{ǫt}(λ; {zt}) ≡ F{ǫt}(λ) = νǫt(λ, {zt}) =
iβZ(λ)
2π
−
∑
t∈J(k)
ǫt φ(λ, zt). (E.12)
This leads to the following representation for the generating function:
Qκ(x, t) = Qκ;αasym(x, t) +
∑
n≥1
∑
Kn
∑
En(k)
∫
C{ǫt}
dnzt
(2iπ)n
×Hn;x({ǫt}, {zt})[F{ǫt}] Bx[F{ǫt}, u] Ga{ǫt}
({z+
t
}
{z−
t
}
)
. (E.13)
Here, Qκ;αasym(x, t) denotes the leading asymptotic part that is given in (6.15) or by its similar
expression in the time-like regime (without the O
(
(lnx)/x
)
remainders since these are now
explicitly taken into account in the rest of the above equation).
Note that the n-fold integration occuring in the nth term of the series can produce z deriva-
tives whose total order is at most n. It thus follows from the representation for the functional
Hn;x (E.5) and from the form of the estimates (E.6) that, indeed, the remainder produces
corrections of the form written in (6.15).
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